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ANSWER KEY

1. A 6.A,B 12.C 18. 4 24. A
2.D 7.E 13. A 19. A 25.B
5 1 8.D 14. B 20.C

4 9.490  15.B 21.D

4.B 10. D 16.D 2.C

5.D 11.C 17.C 23.A

Answer Explanations

1.

(A) Of every 4 employees, 3 are not college graduates, and 1 is a college
graduate. So the ratio of graduates to nongraduates is 1:3.

. (D) Cross-multiplying, we get: 22 = 90 = £ = 45.

1 .
~ 1f 80% were rejected, 20% were accepted, and the ratio of accepted to

4
rejected is 20:80 = 1:4.

50 pages 50 pages X pages
1 hour 60 minutes 50 minutes’

(B) Set up a proportion:

and cross-multiply: 50 X 50 = 60x => 2500 = 60x = x = 41 %

(D) Out of every 8 team members, 3 are juniors and 5 are seniors. Seniors,

therefore, make up % = 62.5% of the team.

(A)(B) It is worth remembering that if the ratio of the measutes-of the angles
of a triangle is 1:1:2, the angles are 45-45-9¢ (see Section.11-]). Otherwise,
the first step is to write x + x + 2x = 180 = 4x = 180.2> ¥ = 45.

Since two of the angles have the same measure, the triangle is isosceles, and
since one of the angles measures 90°, it is a right triangle. I and II are true,
and, of course, I1I is false.

(E) By definition, Tt is the ratio of the circumference to the diameter of a circle
(see Section 11-L). Therefore, Tt = 4 = < = 2t = 9
d 2r r

(D) The fraction of the team that is sophomores is -7 -7 and

. 4+74+6+8 25
2—5 X 100% = 28%.

fi90 Let the number of students taking Spanish be 7x, and the number tak-
ing French be 2x. Then, 2x = 140 = x = 70 = 7x = 490.
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a 3 b 5

10. (D) Since — ==, — = =. So, b:c= 25

2525 550
377721

Alternatively, we could write equivalent ratios with the same value for #:
a:b=3:5=1525and a:c= 5:7 = 15:21.

So, when 2 = 15, =25, and ¢ = 21.

12

— =x2=36=x=6.
x

11. () To solve a proportion, cross-multiply: %
12. (C) Let 6=7xand a=2x. Then, 7x+ 2x= 180 =2 9x= 180 = x= 20 =
b =140 and 2= 40 = b —a =140 - 40 = 100.

13. (A) Set up the proportion, keeping track of
Shi

. xfeet 2w inches 7 inches x
u = = = — .
m

)
nits: = : = _ 2
b hours Séﬁly minutes m minutes 5h m

= X=

' ¢ tests _ Ix tests
14. (B)( Gilda' grades at the rate of . = 1 hour

—hours
X

2

Since she can grade zx tests each hour, in x hours she can grade x(#x) = £x° tests.

15. (B) Suppose that x boys and x girls joined the club. Then, the new ratio
of boys to girls would be (3 + %):(5 + x), which we are told is 3:4.
S S+ % =-3—:>4(3+x)=3(5+x)=> 12 + 4x=15 + 3x = x = 3.

0,
S5+x 4
Therefore, 3 boys and 3 gitls joined the other 3 boys and 5 girls: a total of 14.

16. (D) Cross-multiplying, we get:
11(3x—1) = 25(x + 5) = 33x— 11 =25x +125 = 8x = 136 = x=17.

17. (C) Since 4 boys can shovel the driveway in 2 hours, or 2 X 60 = 120 minutes,
the job takes 4 X 120 = 480 boy-minutes; and so 5 boys would need

48 -mi
0 boy-minutes = 96 minutes.

5 boys
18. 4 Since 500 pounds will last for 20 pig-weeks = 140 pig-days, 200 pounds
56 pig-days ig-days = 4 days.

will last for -:;: x 140 pig-days = 56 pig-days, and 14 pigs

19. (A) Assume that to start there were 3x red marbles and 5x blue ones and that

y of each color were added.

Quantity A Quantity B
3x+y 3
Sx+ ¥ 5
Cross-multiply: 5(3x + ) 36x+ )
Distribute: 15x + 5y 15 + 3y
Subtract 15x: 5y %

Since y is positive, Quantity A is greater:
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20.

21.

22.

23.

24.

25.

(C) The shares are 2x, 5x, and 8x, and their sum is 3000:
2x + Sx + 8x=3000 = 15x = 3000 = x = 200, and so 8x— 2x = 6x = 1200.

(D) Ratios alone can’t answer the question, “How many?” There could be

5 boys in the chess club or 500. We can’t tell.

(C) Assume that Sally invited x boys and x girls. When she wound up with
x girls and x + 5 boys, the girl:boy ratio was 4:5. So,

ol =é:>5x:4x+20:>x:20
x+5 5
Sally invited 40 people (20 boys and 20 girls).

(A) If the probability of drawing a red marble is ;, 3 out of every 7 marbles

are red, and 4 out of every 7 are non-red. So the ratio of red:non-red = 3:4,

which is greater than %

(A) Multiplying the first equation by 3 and the second by 2 to get the same

coefficient of &, we have: 942 = 6band 64 = 10¢. So, 92 = 10cand £ = 1—0-
c

9
(B) Assume the radius of circle I is 1 and the radius of circle II is 3. Then
the areas are 7 and 97, respectively. So, the area of circle II is 9 times the
area of circle I, and 3w > 9.
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11-E. AVERAGES

The average of a set of » numbers is the sum of those numbers divided by ».
or simpl - X
" Py A=

sum of the #» numbers

average =

If the weights of three children are 80, 90, and 76 pounds, respectively, to calculate

the average weight of the children, you would add the three weights and divide by 3:

80+90+76 246

3 -3

The technical name for this type of average is “arithmetic mean,” and on the GRE

those words always appear in parentheses—for example, “What is the average (arith-
metic mean) of 80, 90, and 762"

Usually, on the GRE, you are not asked to find an average; rather, you are given

the average of a set of numbers and asked for some other information. The key to

sum

solving all of these problems is to first find the sum of the numbers. Since A = —

=82

multiplying both, sides by 7 yields the equation: sum = .

TACTIC

If you know the average, 4, of a set of # numbers, multiply A by 7 to get their sum.

One day a supermarket received a delivery of 25 frozen turkeys. If the
average (arithmetic mean) weight of a turkey was 14.2 pounds, what
was the total weight, in pounds, of all the turkeys?

SOLUTION.
Use TACTIC E1: 25 x 14.2 = 355.

NOTE: We do not know how much any individual turkey weighed. nor how many
turkeys weighed more or less than 14.2 pounds. All we know is their total weight.

the semester and the average
s 85. If her average after the first
f her fourth and fifth tests?

Sheila took five chemistry tests during
(arithmetic mean) of her test scores wa
three tests was 83, what was the average 0

@83 ®8 ©87 ©88 ® 90
SOLUTION.

arned 5 X 85 = 425 points.

U . On her five tests, Sheila .
se TACTIC E1: On ber iy ts she earned 3 X 83 = 249 points.

* Use TACTIC E1 again: On her first three tes
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¢ Subtract: On her last two tests Sheila earned 425 — 249 = 176 points.
* Calculate her average on her last two tests: % = 88 (D).

NOTE: We cannot determine Sheilas grade on even one of the tests.

KEY FACT E1

¢ If all the numbers in a set are the same, then that number is the average.

o If the numbers in a set are not all the same, then the average must be greater
than the smallest number and less than the largest number. Equivalently, at
least one of the numbers is less than the average and at least one is greater.

If Jessica’s test grades are 85, 85, 85, and 85, her average is 85. If Gary’s test grades
are 76, 83, 88, and 88, his average must be greater than 76 and less than 88. What
can we conclude if, after taking five tests, Kristen’s average is 907 We know that she
earned exactly 5 X 90 = 450 points, and that either she got a 90 on every test or at
least one grade was less than 90 and at least one was over 90. Here are a few of the
thousands of possibilities for Kristen's grades:

(a) 90, 90, 90, 90, 90  (b) 80, 90, 90, 90, 100 (c) 83, 84, 87, 97, 99
(d) 77, 88, 93, 95,97  (e) 50, 100, 100, 100, 100

In (b), 80, the one grade below 90, is 10 points below, and 100, the one grade above
90, is 10 points above. In (c), 83 is 7 points below 90, 84 is 6 points below 90, and 87
is 3 points below 90, for a total of 7 + 6 + 3 = 16 points below 90; 97 is 7 points aboye
90, and 99 is 9 points above 90, for a total of 7+ 9 = 16 points above 90.

These differences from the average are called deviations, and the situation in
these examples is not a coincidence.

KEY FACT E2

The total deviation below the average is equal to the total deviation above the
average.

If the average (arithmetic mean) of 25, 31, and x is 37, what is the value of X?

SOLUTION 1.

Use KEY FACT E2. Since 25 is 12 less than 37 and 31 is 6 less than 37, the o

deviation below the average is 12 + 6 = 18. Therefore, the total deviation above must
also be 18. So, x= 37 + 18 = 55.

SOLUTION 2.

Use TACTIC E1. Since the average of the three numbers is 37, the sum of the 3
numbers is 3 X 37 = 111. Then,

25+31+x=111:>56+x=111=>x=55.
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KEY FACT E3

Assume that the average of a set of numbers is A. If a number x is added to the
set and a new average is calculated, then the new average will be less than, equal
to, or greater than A, depending on whether x is less than, equal to, or greater
than A, respectively.

Quantity B

Quantity A

The average (arithmetic mean)
of the integers from 0 to 12

The average (arithmetic mean)
of the integers from 1 to 12

SOLUTION 1.
Quantity B is the average of the integers from 1 to 12, which is surely greater
than 1. Quantity A is the average of those same 12 numbers and 0. Since the extra

number{ 0, is less than Quantity B, Quantity A must be /ess [KEY FACT E3]. The

answer is B.

SOLUTION 2.

Clearly the sum of the 13 integers from O to 12 is the same as the sum of the 12
integers from 1 to 12. Since that sum is positive, dividing by 13 yields a smaller quo-

tient than dividing by 12 [KEY FACT B4].

Although in solving Example 4 we didn' calculate the averages, we could have:

8
0+1+2+3+4+5+6+7+8+9+10+11+12=7Sand%=6.

78
1+2+3+4+5+6+7+8+9+10+11+12=78andE=6.5.

Notice that the average of the 13 consecutive integers 0, 1,...,12 is the middle inte-
ger, 6, and the average of the 12 consecutive integers 1, 2,...,12 is the average of the

two middle integers, 6 and 7. This is a special case of KEY FACT E4.

Whenever 7 numbers form an arithmetic sequence (one in which the difference
between any two consecutive terms is the same): (i) if z is odd, the average of
the numbers is the middle term in the sequence and (ii) if n .is even, the aver-
age of the numbers is the average of the two middle terms, which is the same as
the average of the first and last terms.

For example, in the arithmetic sequence 6,9, 12, 15, 18, the average is the mid-

dle number, 12; in the sequence 10, 20, 30, 40, 50, 60, the' average is 35, the aver-
age of the two middle numbers — 30 and 40. Note that 35 is also the average of the

first and last terms—10 and 60.

w

Remember TACTIC 5
from Chapter 9.

We don’t have

to calculate the
averages, we just
have to compare
them.
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we

Without doing any
calculations, you
should immediately
realize that since the
grade of 80 is being
given more weight
than the grade of
90, the average will
be closer to 80 than
to 90 — certainly
less than 85.

On Thursday, 20 of the 25 students in a chemistry class took a test and their
average was 80. On Friday, the other 5 students took the test, and their average
was 90. What was the average (arithmetic mean) for the entire class?

SOLUTION.
The class average is calculated by dividing the sum of all 25 test grades by 25.

20 x 80 = 1600 points

5 X 90 = 450 points

1600 + 450 = 2050 points

2050
25

Notice that the answer to Example 5 is noz 85, which is the average of 80 and 90.
This is because the averages of 80 and 90 were earned by different numbers of stu-
dents, and so the two averages had to be given different weights in the calculation.
For this reason, this is called a weighted average.

KEY FACT E5

To calculate the weighted average of a set of numbers, multiply each number.in

the set by the number of times it appears, add all the products, and divide by
the total number of numbers in the set.

e The first 20 students earned a total of:
e The other 5 students earned a total of:
* Add: altogether the class earned:

* Calculate the class average: = 82.

So, the solution to Example 5 should look like this:

20(80)+5(90) _ 1600+450 _ 2050 .
25 25 25+

Problems involving average speed will be discussed in Section 11-H, but we men-

tion them briefly here because they are closely related to problems on weighted
averages.

82

For the fil:st 3 hours of his trip, Justin drove at 50 miles per hour. Then, due 0
constructlon' delays, he drove at only 40 miles per hour for the next 2 hours.
What was his average speed, in miles per hour, for the entire trip?

®40 ®43 ©46 ®48 ® 50

SOLUTION.
This is just a weighted average:
3(50) + 2(40) _ 150+80 _ 230
5 5 5

= 46.
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Note that in the fractions above, the numerator is the total distance traveled and
the denominator the total time the trip took. This is always the way to find an
average speed. Consider the following slight variation on Example 6.

For the first 100 miles of his trip, Justin drove at 50 miles per hour, and then
due to construction delays, he drove at only 40 miles per hour for the next.
120 miles. What was his average speed, in miles per hour, for the entire trip?

miles per hour

SOLUTION.

This is not a weighted average. Here we immediately know the total distance
traveled, 220 miles. To get the total time the trip took, we find the time for each
portion and add: ‘the first 100 miles took 100 + 50 = 2 hours, and the next 120

miles took:120"+ 40 = 3 hours. So the average speed was % = 44 miles per hour.

Nortice that in Example 6, since Justin spent more time traveling .at 50 miles per
hour than at 40 miles per hour, his average speed was closer to.50; in Example 62.1,
he spent more time driving at 40 miles per hour than at 50 miles per hour, so his
average speed was closer to 40.

Two other terms that are associated with averages are median and mode. In a set
of 7 numbers that are arranged in increasing order, the median is the middle num-
ber (if 7 is odd), or the average of the two middle numbers (if 7 is even). The mode

is the number in the set that occurs most often.

i 10 riod, i i f phone calls
During a 10-day period, Jorge received the following number of phc
each gc]Jay: 2,3 y9p3, 5,7,7, 10, 7, 6. What is the average (arithmetic mean)

of the median and mode of this set of data?
®6 ®625 ©65 ®675 ®7

SOLUTION.

The firsc step is to write the data in increasing order:
| 2,3,3,56,7,7,7,9,10.
* The median is 6.5, the average of the middle two numbers.
* The mode is 7, the number that appears more tmes than any o

6-52+ 7 _ 6.75 (D).

ther.

* The average of the median and the mode is
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The median is actually a special case of a measure called a percentile. In the same
way that the median divides a set of data into two roughly equal groups, percentiles
divide a set of data into 100 roughly equal groups. Pg;, the 63rd percentile, for
example, is a number with the property that 63% of the data in the group is less than
or equal to that number and the rest of the data is greater than that number. Clearly,
percentiles are mainly used for large groups of data—it doesn’t make much sense to
talk about the 63rd percentile of a set of data with 5 or 10 or 20 numbers in it.
When you receive your GRE scores in the mail, you will receive a percentile rank-
ing for each of your scores. If you are told that your Verbal score is at the 63rd per-
centile, that means that your score was higher than the scores of approximately 63%
of all GRE test takers (and, therefore, that your score was lower than those of
approximately 37% of GRE test takers).

From the definition of percentile, it follows that the median is exactly the same as
the 50th percentile. Another term that is often used in analyzing data is quartile.
There are three quartiles, Q;, Q,, and Q;, which divide a set of data into four
roughly equal groups. Q,, Q,, and Q; are called the first, second, and third quartiles
and are equal to Pys, Py, and P, respectively. So, if M represents the median, then
M=Q,= P A measure that is sometimes used to show how spread out the num-
bers in a set of data are is the interquartile range, which is defined as the difference
between the first and third quartiles: Q- Q.

The interquartile range shows where the middle half of all the data lies. The
interquartile range can be graphically illustrated in a diagram called a boxplot. A
boxplot extends from the smallest number in the set of data (8) to the largest num-
ber in the set of data (Z) and has a box representing the interquartile range. The box,
which begins and ends at the first and third quartiles, also shows the location of the
median (Q,). The box may be symmetric about the median, but does not need to
be, as is illustrated in the two boxplots, below. The upper boxplot.shows the distri-
bution of math SAT scores for all students who took the SAT in 2010, while the

lower boxplot shows the distribution of math scores for the students at a very selec-
tive college.

:

——

200 300 400 500 600 700 800
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Twelve hundred 18-year-old boys were weighed, and their weights, in pounds, are
summarized in the foliowing boxplot.

|
1

| O O T N TS S N O T O Y I |
o B A o B e e e e B e e

LI LI
110 120 130 140 150 160 170 180 190 200 210 220 230 240

If the 91st percentile of the weights is 200 pounds, approximately how many of the
students weigh less than 140 pounds or more than 200 pounds?

@ 220 280 ©350 ®@410 ®470

SOLUTION, '

From the boxplot, we see that the first quartile is 140. So, appr0x1mately 2.5% of

the boys weigh less than 140. And since the 91st percentile is 200, approximately

9%-0f the boys weigh more than 200. So 25% + 9% = 34% of the 1,200 boys fall

within the range we are considering.

Finally, 34% of 1,200 = 0.34 X 1200 = 408, or approximately 410 (D).
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Practice Exercises—Averages

Discrete Quantitative Questions

1. Michael’s average (arithmetic mean) on 4 tests
is 80. What does he need on his fifth test to

raise his average to 84?

® 82
84
© 92
® 96
® 100

2. Maryline’s average (arithmetic mean) on
4 tests is 80. Assuming she can earn no more
than 100 on any test, what is the least she can
earn on her fifth test and still have a chance
for an 85 average after seven tests?

® 60
® 70
© 75
@ 80
® 85

3. Sandrine’s average (arithmetic mean) on
4 tests is 80. Which of the following cannot
be the number of tests on which she earned
exactly 80 points?

®0
® 1
© 2
®© 3
® 4

4. What is the average (arithmetic mean) of the
positive integers from 1 to 100, inclusive?
® 49
49.5
© 50
® 50.5
® 51

5. If 102 + 106 = 35, what is the average
(arithmetic mean) of # and 4?

L]

6. Ifx+y=6,y+z=7,and z+ x=9, what is

the average (arithmetic mean) of x, 5, and 2?

® U
3

® U
2

© 22
3

© 11

® 22

7. 1f the average (arithmetic mean) of 5, 6, 7,
and w is 8, what is the value of w?

® 8
® 12
© 14
® 16
® 24

8. What is the average (arithmetic'mean) in

degrees of the measures of the five angles
In a pentagon?

degrees

9. Ifa+ b=3(c+ d), which of the following is

the average (arithmetic mean) of 4, b, ¢, and 4

c+d
4

®

3c+d)
8

c+d
2

3Nc+d)

i

10. In the diagram below, lines € and »: are not

parallel.

If A represents the average (arithmetic mean)
of the degree measures of all eight angles,
which of the following is true?

® A-=45
®45<A<90
© A=90
@90 < A<180
® A=180

11. What is'the average (arithmetic mean) of 210
and. 2207

@ 215
254 210
© 22+ 2D
) 229
® 30

12. Let M be the median and 7 the mode of the
following set of numbers: 10, 70, 20, 40, 70,
90. What is the average (arithmetic mean) of
M and m?

® 50
55
© 60
® 02.5
® 65

Quantitative Comparison Questions

~ ® Quantity A is greater.
- ® Quantity B is greater. e
© Quantities A and Bare equal.
_® It is impossible to determine which

. Quantity s greater.

Quantity A

13, The average
(arithmetic mean) of
the measures of the

three angles of an
equilateral triangle

Quantity B

The average
(arithmetic mean) of
the measures of the
three angles ofa
right triangle
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10 students took a test and the average grade
was 80. No one scored exactly 80.

Quantity A Quantity B
14. The number of 5
grades over 80
‘ \yo .
Quantity A Quanuty B
15.  The average 180
(arithmetic mean)
of 2x and 2y

There are the same number of
boys and girls in a club.
The average weight of the boys is 150 pounds.
The average weight of the girls is 110 pounds.

Quantity A Quantity B
16. The number of The number of
boys weighing girls weighing
over 150 over 110

The average (arithmetic mean) of
22, 38, x, and yis 15.

x>0
Quantity A Quantity B
17. y 0
Quantity A Quantity B

The average
(arithmetic mean)
of the odd numbers
between 2 and 12

18.  The average
(arithmetic mean)
of the even numbers
between 1 and 11

Quantity A Quantity B
19.  The average The average

(arithmetic mean)

of 0, 17, 217, 417

(arithmetic mean)

of 17,217, 417

y>0

Quantity B

The average
(arithmetic mean)
of x, , and 2y

Quantity A
20.  The average
(arithmetic mean)
of xand y
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ANSWER KEY

1.E 5.1.75 9.E 13.C 17.B
2.C 6.A 10. C 14.D 18.B
3.D 7.C 11.C 15.C 19. A
4.D 8.108 12.D 16.D 20.D

Answer Explanations

1. (E) Use TACTIC E1. For Michael’s average on five tests to be an 84, he
needs a total of 5 X 84 = 420 points. So far, he has earned 4 x 80 = 320
points. Therefore, he needs 100 points more.

2. (€) Use TACTIC E1. So far, Maryline has earned 320 points. She can
survive a low grade on test five if she gets the maximum possible on both
the sixth and seventh tests. So, assume she gets two 100s. Then her total
for tests 1, 2, 3, 4, 6, and 7 would be 520. For her seven-test average to be

85, she needs a total of 7 X 85 = 595 points. Therefore, she needs at least
595 — 520 = 75 points.

3. (D) Since Sandrine’s 4-test average is 80, she earned a total of 4 X 80 = 320
points. Could Sandrine have earned a total of 320 points with:

0 grades of 802  Easily; for example, 20, 100, 100, 100 or 60, 70, 90, 100.
1 grade of 802  Lots of ways; 80, 40, 100, 100, for instance.

2 grades of 802  Yes; 80, 80, 60, 100.

4 grades of 802  Sure: 80, 80, 80, 80.

3 grades of 802 NO! 80 + 80 + 80 + x = 320 = x = 80, as well.

4. (D) Clearly, the sequence of integers from 1 to 100 has 100 terfris, and so by
KEY FACT E4, we know that the average of all the numbers-is the average of
the two middle ones: 50 and 51. The average, therefore, is'50.5.

5. 1.75 Since 104 + 104 = 35, dividing both sides of the equation by 10, we get
that 2 + & = 3.5. Therefore, the average of zand bis 3.5 + 2 = 1.75.

6. (A) Whenever a question involves three

equations, add them: x+ty= 6
y+z= 7
+ z+x=9

2x + 2y + 2z=22

Divide by 2: x+y+z=11
The average of x, , and z is xtyrz 11
3 3

7. (€©) Use TACTIC E1: the sum of the 4 numbers is 4 times their average:

5+6+7+w=4><8=32=>18+w=32=>w=14.

108 The average of the measures of the five angles is the sum of their meas-

ures divided by 5. The sum is (5 — 2) X 180 = 3 x 180 = 540 (see Section
11-K). So, the average is 540 = 5 = 108.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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(E) Calculate the average:

a+b+c+d 3c+d)+c+d _ 3c+3d+c+d _ 4e+ 4d v d
4 B 4 4 4

(C) Since a+ b+ c+d=360, and e+ f+ g+ h= 360 (see Section 11-1), the
sum of the measures of all 8 angles is 360 + 360 = 720, and their average is
720 + 8 = 90.

10 20 10 20
(C) The average of 210 and 220 is 2 +27 %—— + 22— =27+ 219,

2

(D) Arrange the numbers in increasing order: 10, 20, 40, 70, 70, 90. M, the
40 ; 70 _ 55; the mode,

median, is the average of the middle two numbers:

m, is 70, the number that appears most frequently. The average of M and m,
therefore, is the average of 55 and 70, which is 62.5.

(C) In anytriangle, the sum of the measures of the three angles is 180°, and
the average of their measures is 180 + 3 = 60.

(D). From KEY FACT E1, we know only that at least one grade was above 80.
Is fact, there may have been only one (9 grades of 79 and 1 grade of 89, for
example). But there could have been five or even nine (for example, 9 grades
of 85 and 1 grade of 35). '

Alternative solution. The ten students scored exactly 800 points. Ask, “Could
they be equal?” Could there be exactly five grades abov'e 80? Sure, five grades
of 100 for 500 points and five grades of 60 for 300 points. Must they be
equal? No, eight grades of 100 and two grades of 0 also total 800.

= x + 3 which equals 180.

. 2x+2
(C) The average of 2x and 2y is X > J

(D) It is possible that no boy weighs over 150 (if every single boy weighs
exactly 150); on the other hand, it is possible that almost every boy weighs

over 150. The same is true for the girls.

(B) Use TACTIC E1: 22 + 38+ x+y=4(15) =60 = 60 + x+ y=060=
x+y=0.

Since it is given that x is positive, y must be negative.

(B) Don’t calculate the averages. Quantity A is the average of 2, 4,6, 8, ]
and10. Quantity B is the average of 3,5, 7,9, and 11. Since each of the five

numbers from Quantity A is less than the corresp.onding number from
Quantity B, Quantity A must be less than Quantity B.

ulate the averages. Quantity A is clearly positive,

, 1
(A) You don't have to cale of numbers being averaged must

and by KEY FACT E3, adding 0 to the set
lower the average.
is less than j,
E3: If x < 7 then the average of x and yis
e 2y hils to raise the average. On the other hand,

2y. So,
and surely less than 2y. So hen 2y would lower the average.

if x is much larger than y, t
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Algebra

For the GRE you need to know only a small portion of the algebra normally raught
in a high school elementary algebra course and none of the material taught in an
intermediate or advanced algebra course. Sections 11-F, 11-G, and 11-H review only
those topics that you absolutely need for the GRE.

11-F. POLYNOMIALS

Even though the terms monomial, binomial, trinomial, and polynomial are not used
on the GRE, you must be able to work with simple polynomials, and the use of these
terms will make it easier for us to discuss the important concepts.

A monomialis any number or variable or product of numbers and variables. Each
of the following is a monomial:

3 4 x y 3x —dxyz S5x* 1.5x° b

The number tha't appears in front of the variables in a monomial is called the coef-
ficient. The coefficient of 5x% is 5. If there is no number, the coefficient is 1 or -1,
because x means 1xand —z6? means —1442.

Qn the GRE, you could be asked to evaluate a monomial for specific values of the
variables.

What is the value of -3a2bwhen a= -4 and b = 0.5?
®-72 ®-24 ©24 ® 48 ® 72

SOLUTION.

Rewrltc.: the expression, replacing the letters # and 4 with the numbers —4 and 0.5,
respectively. Make sure to write each number in parentheses. Then evaluate:

-3(-4)%(0.5) = —3(16)(0.5) = —24 (B).

CAUTION

Be sure you foliow PEMDAS (see Section 11-A): handle exponents
before the other operations. In Example 1, you cannot multiply —4 by
-3, get 12, and then square the 12; you must first square —4.

A polynomial is a monomial or the sum of two or more monomials. Each mono-

mial tl}at r.nakes up the polynomial is called a term of the polynomial. Each of the
following is a polynomial: .

2
2x 2x2+3 3x2_7 x2+5x—1 azb+b7-a xz_yz w2_2w+1

Mathematics Review 311

The first polynomial in the above list is a monomial; the second, third, fifth, and
sixth polynomials are called binomials, because each has two terms; the fourth and
seventh polynomials are called trinomials, because each has three terms. Two terms
are called like terms if they have exactly the same variables and exponents; they can

differ only in their coefficients: 5726 and —34%6 are like terms, whereas 2band #a

are not.
The polynomial 3x% + 4x + 5x + 2x* + x = 7 has 6 terms, but some of them are

like terms and can be combined:
3x2 + 2x2 = 5x? and 4x+ 5x+ x=10x.

So, the original polynomial is equivalent to the trinomial 5x% + 10x— 7.

KEY FACT F1

we

The only terms of a polynomial that can be combined are like terms.

To'add two polynomials, put a plus sign between them, erase the parentheses,
and combine like terms.

To add, subtract,
multiply, and divide
polynomials, use the
usual laws of arnth-
metic. To avoid care-
less errors, before
performing any arith-
metic operations,
write each polyno-
mial in parentheses.

KEY FACT F2

What is the sum of 5x2 + 10x — 7 and 3x? — 4x + 2?

SOLUTION.

(5x2 + 10x—7) + Bx? —4x+2)
=5x2 4 10x—7 + 3x2 — 4x+ 2
= (5x% + 3x2) + (10x—4x) + (=7 + 2)
= 8x% + 6x-5.

KEY FACT F3

To subtract two polynomials, change the minus sign between them toa plus
sign and change the sign of every term in the second parentheses. The.n just use
KEY FACT F2 to add them: erase the parenthcses and then combine like terms.

CAUTION
e order right in a subtraction problem.

Make sure you get th
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Subtract 3x2 — 4x + 2 from 5x2 + 10x — 7.

SOLUTION.
Be careful. Start with the second polynomial and subtract the first:

(5x% + 10x=7) = Bx* —4x+ 2) = 5x2 + 10x—7) + (3x2 + dx— 2) = 2x2 + 14x-9.

What is the average (arithmetic mean) of 5x2 + 10x — 7, 3x2 — 4x + 2,
and 4x2 + 2?

SOLUTION.
As in any average problem, add and divide:

(5x%2 + 10x—=7) + (3x% — 4x + 2) + (4x2%+2) = 12x2 + 6x— 3,
and by the distributive law (KEY FACT A21), M = 4x2 4+ 2x- 1. |

3
KEY FACT F4

To .multi.ply monomials, first multiply their coefficients, and then multiply
their variables (letter by letter), by adding the exponents (see Section 11-A).

What is the product of 3xy2z% and —2x2y2?

SOLUTION.

What is the product of 2a and 3a2 — 6ab + b??

(Bxy22%)(-2x%y%) = 3D (X (x) (1) (1)(23) = ~6x3y423,
All other polynomials are multiplied by using the distributive law.

KEY FACT F5

To multiply 2 monomial by a polynomial, just multipl £ the poly-
nomial by the monomial. ya just multiply each term o p

SOLUTION.
AN N

24322 — 6ab + b%) = 643 — 12a%b + 2ab2.

On the GRE, the only other polynomials that you could be asked to multiply are

two binomials.

KEY FACT F6

To multiply two binomials, use the so-called FOIL method, which is really
nothing more than'the distributive law: Multiply each term in the first paren-
theses by each term in the second parentheses and simplify by combining
terms,if possible.

2x—=7)Bx+ 2) = 2x)(3x) + (2%)(2) + =7)(3x) + (=7)(2) =

First terms Quter terms Inner terms  Last terms

6x2 + 4x—21x— 14 = 6x% - 17x- 14

)?

What is the value of (x — 2)(x + 3) = (x = 4)(x + 5

SOLUTION.
First, multiply both pairs of binomials:
(x—2)(x+3) = x243x=2x—6=x>+x-06
(x—4)(x+5) = x2 4 5x—4x—20=x2+x-20

Now, subtract:
(x2 + x— 6) — (x* + x—20) x2 i x—6-xr—x+20=14

we
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KEY FACT F7

The three most important binomial products on the GRE are these:

2 2_ 42
* (x—y)(x+y)=x2+xy—yx—y =x"—) 5
o O B U A

If you memorize
these, you won’t
have to multiply
them out each time
you need them.

2 _ 2 2
’ (x*}’)2=(X+}')(x+y)=x2+xy+yx+y =X +2xy+y
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If a— b=7anda+ b=13, what is the value of a2 — b2?

SOLUTION.

In Section 11-G, we will review how to solve such a pair of equations; but even if
you know how, you should not do it here. You do not need to know the values of
a and b to answer this question. The moment you see 2% — b2, you should think

(a— b6)(a+ b). Then:
2 -0 =(a-ba+b)=(7)(13) = 91.

If x2 + y2 = 36 and (x + )2 = 64, what is the value of xy?

SOLUTION.

64 = (x + y)? =x2+2xy+y2 = x2 + 92+ 2xy = 36 + 2xy.
Therefore, 2xy = 64 - 36 = 28 = xy = 14.

On the GRE, the only division of polynomials you might have to do'is to divide
a polynomial by a monomial. You will 7oz have to do long division of polynomials.

KEY FACT F8

To divide a polynomial by a monomial, use the distributive law. Then simplify
each term by reducing the fraction formed by the coefficients to lowest terms
and applying the laws of exponents.

What is the quotient when 32a2b + 12ab3¢ is divided by 8ab?

SOLUTION.

By the distributive law, 324%b +12ab> _ 324% . 1246°¢
8ab 8ab 8ab

Now reduce each fraction: 44 + ébzc.
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On the GRE, the most important way to use the three formulas in KEY FACT

F7 is to recognize them in reverse. In other words, whenever you see x2 — y?, you

should realize that it can be rewritten as (x — $)(x + ). This process, which is the
reverse of multiplication, is called factoring.

Quantity A Quantity B
The value of The value of
X2 + 4x + 4 when x2 - 4x + 4 when
x=95.9 X=995

SOLUTION.

Obviously, you don’t want to plug in 95.9 and 99.5 (remember that'the GRE
never requires you t0.do tedious arithmetic). Recognize that 2 +dx+4is equa'l to
(x + 2)2 and that #* — 4x + 4 is equal to (x - 2)%. So, Quantity A is just
(95.9 + 2)2 = 97:92, whereas Quantity B is (99.5 —2)* = 97.5%. Quantity A is greater.

What is the value of (1,000,001)2 — (999,999)%?

SOLUTION.

Do not even consider squaring 999,999. You know that there bas to be an egsier way
to do this. In fact, if you stop to think, you can get the right answer in a'few
seconds. This is just 22 — & where = 1,000,001 and b = 999,999, so change it to

(a~ b)(a + b):

(1,000,001)2 — (999,999)? = (1,000,001 — 999,999)(1,000,001 + 999,999) =
(2)(2,000,000) = 4,000,000.

Although the coefficients of any of the terms in a polynomial can be fractions, as

in 22 lX, the variable itself cannot be in the denominator. An expression such as

3tx which does have a variable in the denominator, is called an algebraic fraction.

x2

Fortunately, you should have no trouble with algebfaic fr:?ctions,. since they arf1 ;l-an—
dled just like regular fractions. The rules that you reviewed in Section 11-B for adding,

subtracting, multiplying, and dividing fractions apply to algebraic fractions, as well.
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What is the sum of the reciprocals of x2 and y2?

SOLUTION.

1 | . .
To add — +—»you need a common denominator, which is x2y2.
)

Multiply the numerator and denominator of by y? and the numerator and

1
denominator of by x2, and then add: ;5
1 2 2 2 2
2 i + ——]— = ’y + X = x + y .
Y 32 2 22 22 2 2

J Xy X"y x“y

Ofte'n, the way to simplify algebraic fractions is to factor the numerator or the
denominator or both. Consider the following example, which is harder than any-
thing you will see on the GRE, but still quite manageable.

4x3 _x
(2x +1)(6x - 3)

What is the vaiue of when x = 99997

SOLUTION.

Don't use FOIL to multiply the denominator. That’s going thé wrong way. We want
to simplify this fraction by factoring everything we can. First factor an x out of the
numerator and notice that what's left is the difference of two squares, which can be
factored. Then factor out the 3 in the second factor in the denominator:

4 —x _ x(4xP-1)  x@e=DQRe+D
2x+1)(6x-3) (2x+1)32x-1) 3R2x+D2x—b ~ 3
So, instead of plugging 9999 i he origi : oo X
plugging Into the original expression, plug it into
9999 - 3 = 3333. 3

-
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Practice Exercises—Polynomials

Discrete Quantitative Questions

a’ - b*

1. What is the value of
and b=118?

when 2 =117

a —

2. If 42 — b2 = 21 and 4% + 6% = 29, which of
the following could be the value of 46?2
Indicate a// possible values.

10
542
10

3. What is the average (arithmetic mean) of
x% + 2x— 3, 3x% — 2x— 3, and 30 — 4x%

8x% + 4x + 24
3

8x” + 24
3
24 — 4x
3
® -12

® 8

@®

©

4. What is the value of x2 + 12x + 36 when
x = 9942
@ 11,928
98,836
© 100,000
® 988,036
® 1,000,000

S. Ifc? +d? =4 and (c— d)* = 2, what is the
value of ¢d?
® 1
J2
© 2

®@3
® 4

6. What is the value of
2x+3)(x+6) - (2x-5)(x+ 10)?
@ 32
16
© 68
® 4x? + 30x + 68
® 4x% + 30x - 32

1 1
L=+ ==
/ zz+/7

of aand 6?
® 0

]
=
2

©1

1 .
— and ab = ¢, what is the average
.

8. If x2— y* =28 and x— y = 8, what is the
average of xand y?

® 1.75
® 3.5
©7
®© 8
® 10
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9. Which of the following is equal to

@ Quantity A is greater.
' Quantity B is greater.

Quantitative Comparison Questions

40 © Quantities A and B are equal.
® It is impossible to determine which
ol _, ~ quantity is greater.
2
5 n<0
® = - 247 :
2 Quantity A Quantity B
1 11. 212 (=2 n)?
® — - 4 — 4
a d<c
1 , Quantity A Quantity B
10. If (;+4) = 100, what is thevalueof—lz+az? 12, (e—d)(c+ d) (c—d)(c-d)
a
@ 10
o o4 x=-3and y=2
© 98 Quantity A Quantity B
@ 100 13. —x2y3
®& 102 7 °
Quantity A Quantity B
14. (r+ 9(r—ys) r(s+ —s(r+9
Quantity A Quantity B
5x%-20
15. —_— 4x + 8
x-2
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ANSWER KEY

1.235  4.E 7.B 10 B
2AC  5.A 8.A 11.B 14.C
3.E 6.C 9.B 12. 15.D

Answer Explanations

1.

2.

2
10. (©) 100 = (l+a) -

2 2
”d:i _ M“W/’) =a+ b=117 + 118 = 235.
(A)(C) Adding the two equations, we get that 242 =50 = a? =25 = b* = 4.
So, 2= 5 or =5 and & = 2 or —2. The only possibilities for their product are 10
and —10. (Only A and C are true.) :

(F) To find the average, take the sum of the three polynomials and then
divide by 3. Their sum is

(2 +2x—3) + (Bxd —2x~3) + (30 —4x") = 24,and 24 + 3 = 8.

(E) You canavoid messy, time-consuming arithmetic if you recognize that

x2 +12%+:36 = (x + 6). The value is (994 + 6)% = 10002 = 1,000,000.

(A) ‘Start by squaring c— d: 2 = (c— A =ct—2cd+d? =+ d* - 2cd =
42 2cd.
S0,2=4-2cd=2cd=2= cd=1.

(O) First multiply out both pairs of binomials: (2x + 3)(x + 6) = 2x% + 15x+ 18

and (2x - 5)(x + 10) = 25 + 15x - 50.
Now subtract: (222 + 15x + 18) — (2x* + 15x~50) = 18 — (-50) = 68.

=l+l=d+b=£ﬂ:>1=ﬂ+b:>d+b "1—.
a b ab c 2 2

235

(B)

& | —

. (A) ;Q_f:(x_y)(x+y):>28=8(x+y)=>x+}/=28+8=3.5.
5

x+y 3.

= 1.75.

Finally, the average of x and yis 5 Y

2
1 1 1 s
. (B) Expand each square: (l.}_dj ==+ 2(;)(4) +at= ;5 +2+a°.

2
Similarly, (l _ a) = iz —2+a
a a

N—
|
TN
&N\,_.
|
[\
+
|
(3]
N—
i
Iy

Subtract: (—12- +2+a°
a
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11. (B) Since 7 is negative, n? is positive, and so —27? is negative. Therefore,

Quantity A is negative, whereas Quantity B is positive.

Quantity A Quantity B
12. (D) ¢> d= c—- dis positive,

so divide each side by ¢— & c+d c—d
Subtract ¢ from each quantity: d —d
If 4= 0 the quantities are equal; if 4 = 1, they aren’.

13. (B) Quantity A: —(=3)223 = — (9)(8) = —72.

14. (C) Quantity B: (s + 7) = s(r+ ) = rs+ r2 — sy — s2 = 72 — 52
Quantity A: (r+ s)(r—s) = 2 — 5%

. 5x2 =20 5(x*—4)  Se—D(x+2)
15. (D) tity A: = - _
Quantity > N 5(x +2).

Quantity B: 4x + 8 = 4(x + 2). If x = =2, both quantities are 0; for any other

value of x the quantities are unequal.
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11-G. SOLVING EQUATIONS AND INEQUALITIES

The basic principle that you must adhere to in solving any eguation is that you can
manipulate it in any way, as long as you do the same thing to both sides. For example,
you may always add the same number to each side; subtract the same number from
each side; multiply or divide each side by the same number (except 0); square each
side; take the square root of each side (if the quantities are positive); or take the
reciprocal of each side. These comments apply to inequalities, as well, except you
must be very careful, because some procedures, such as multiplying or dividing by a
negative number and taking reciprocals, reverse inequalities (see Section 11-A).

Most of the equations and inequalities that you will have to solve on the GRE
have only one variable and no exponents. The following simple six-step method can
be used on all of them.

It %x+ 3(x=2) = 2(x + 1) + 1, what is the value of x?

SOLUTION.
Follow the steps outlined in the following table.
Step What to Do Example 1
1 Get rid of fractions and decimals Multiply each term by 2:
by multiplying both sides by the Lowest | X+ 6(x-2)=4(x+1)+2.
Common Denominator (LCD).
2 Get rid of all parentheses by using X+6x—12=4x+4 +2.
the distributive law.
3 Combine like terms on each side. 7x—-12 =4x+6.
By adding or subtracting, get all the Subtract 4x from each side:
variables on one side. 3x-12=6.
5 By adding or subtracting, get all the Add 12 to each side:
plain numbers on the other side. 3x=18.
6 Divide both sides by the coefficient Divide both sides by 3: x = 6.
of the variable.”

and in Step 6 you divide by a negative number,

"Note: If you start with an inequality
yousar . see KEY FACT A24).

remember to reverse the inequality (

n any equation on the GRE, because it required all

happens. Think of the six steps as a list of ques-
sary. If it isnt, move on to the

Example 1 is actually harder tha

Six steps. On the GRE that never :
tions that must be answered. Ask if each step 1s neces

next one; if it is, do it.

Let’s look at Exa mple 2, which does not require all six steps.
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For what real number nis it true that 3(n — 20} = n?

SOLUTION. Do whichever of the six steps are necessary.

Step Question Yes/No What to Do
1 Are there any fractions or No
decimals?
2 Are there any parentheses? Yes Get rid of them:
3n-60=n.
3 Are there any like terms to No
combine?
4 Are there variables Yes Subtract n from each side:
on both sides? 2n-60=0.
5 Is there a plain number on Yes Add 60 to each side:
the same side as the variable? 2n = 60.
6 Does the variable have a Yes Divide both sides by 2:

coefficient?

n=30.

TACTIC

Memorize the six steps 7 order and use this method whenever you have to solve this

type of equation or inequality.

Three brothers divided a prize as follows. The oldest received 2 of it, the middle
5

: 1 ..
brother received 3 of it, and the youngest received the remaining $120.

What was the value of the prize?

]

SOLUTION.

If x represents the value of the prize, then gx + lx +120 = x.

Solve this equation using the six-step method.
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Step | Question Yes/No | What to Do
1 Are there any fractions Yes To get rid of them, multiply
or decimals? by 15.
15(ng + 15(lxj +
5 3
15(120) = 15(x)
6x + 5x + 1800 = 15x
Are there any parentheses? No
Are there any like terms to Yes Combine them:
combine? 11x + 1800 = 15x.
4 Are there variables on Yes Subtract 11x from
both sides? each side: 1800 = 4x.
5 Is there a plain number on No
the same side as the variable?
6 Does the variable have a Yes Divide both sides by 4:

coefficient?

x = 450.

Sometimes on the GRE, you are given an equation with several variables and
asked to $olvé for one of them in terms of the others.

TACTIC

When you have to solve for one variable in terms o
ers as if they were numbers, and apply the six-step method.

If a = 3b— ¢, what is the value of b in terms of a and c?

f the others, treat all of the oth-

we

In applying the six-
step method, you
shouldn’t actually
write out the table,
as we did in Examples
1-4, since it would
be too time consum-
ing. Instead, use the
method as a guide-
line and mentally go
through each step,
doing whichever ones
are required.

SOLUTION.

To solve for &, treat 4 and ¢ as numbers and use the six-step method with 4 as the

variable.

Step | Question

1 Are there any fractions or decimals?
2 | Are there any parentheses?
3 | Are there any like terms to combine?
4 | Are there variables on both sides?

S | Is there a plain number on
the same side as the variable?

6 | Does the variable have
a coefficient?

Yes/No | What to Do

No

No

No

No Remember: the only
variable is b.

Yes Remember: we're considering
¢ as a number, and it is on
the same side as b, the
variable. Add ¢ to both sides:
a+c=3b

Yes Divide both sides by 3:
b= atc

=53
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TIP f

Very often, solving
the equation is not
the quickest way to
answer the question.
Consider Example 6.

Sometimes when solving equations, you may see a shortcut. For example, to solve
7(w — 3) = 42, it saves time to start by dividing both sides by 7, getting w—3 =,
rather than by using the distributive law to eliminate the parentheses. Similarly, if

) x 3 .. ) . )
you have to solve a proportion such as = g, it is easier to cross-multiply, getting

5x =21, than to multiply both sides by 35 to get rid of the fractions (although tha’s
exactly what cross-multiplying accomplishes). Other shortcuts will be illustrated in
the problems at the end of the section. If you spot such a shortcut, use it; but if you
don't, be assured that the six-step method always works.

If x—4 =11, what is the value of x— 8?
®-15 ®-7 ©-1 ®7 ® 15

SOLUTION.
Going immediately to Step 5, add 4 to each side: x = 15. But this is 7ot the answer.
You need the value not of x, but of x— 8: 15 -~ 8 = 7 (D).

As in Example 5, on the GRE you are often asked to solve for something other

than the simple variable. In Example 5, you could have been asked for the value of
% or x+ 4 or (x— 4)2, and so on.

TACTIC

As you read each question on the GRE, on your scrap paper write down whatever

you are looking for, and circle it. This way you will always-be sure that you are
answering the question that is asked.

If 2x — 5 = 98, what is the value of 2x + 57

SOLUTION.

The first thing you should do is write 2x + 5 on your paper and circle it. The fact
that you are asked for the value of something other than x should alert you to look
at the question carefully to see if there is a shortcut,

* The best approach here is to observe that 2x + 5 is 10 more than 2x — 5, 50 the
answer is 108 (10 more than 98).

. Next best would be to do only one step of the six-step method, add 5 t0 both
sides: 2x = 103. Now, add 5 to both sides: 2x+5=103 +5 =108.

* The worst method would be to divide 2x = 103 by 2, get x = 51.5, and then use
that to calculate 2x + 5.

H
i
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2

If wis an integer, and the average (arithmetic mean) of 3, 4, and w is less than 10,
what is the greatest possible value of w?

®9 ®10 ©17 ®22 ® 23

SOLUTION.

3+4+w

Set up the inequality: < 10. Do Step 1 (ger rid of fractions by multiply-

ing by 3): 3 + 4 + w < 30. Do Step 3 (combine like terms): 7 + w < 30. Fi'nally, do
Step 5 (subtract 7 from each side): w < 23. Since w is an integer, the most it can be
is 22 (D). . . .

The six-step method also works when there are variables in denominators.

.4 3 10
For what value of x is ; + == —X—?

a

®5 ®10 ©20 ©®30 ®50

SOLUTION. Multiply each side by the LCD, 5x:
4 é):S[Hq:i20+%:50
Sx(x) +5x(5 M\

Now solve normally: 20 + 3x =50 = 3x = 30 and so x = 10 (B).

e

+ 3, which of the following is an expression for xin

If x is positive, and y = 5x2
terms of y?

- Jy=3 Jy-8 o -3
® [t-3 CDJZEE- o V= - ® 75

SOLUTION. 2
The six-step method works when there are no expone.:nts. However, we can treat x
as a single variable, and use the method as far as possible:

y=5x2+3:>y—3=5x2=>—§—=x2-

Now take the square root of each side; since x is positive, the only solution is

X= /3'_—3 (B).
5
CAUTION

Doing the same thing to each side of an equation does not mean doing the

same thing to each term of the equation. Study Examples 10 and 11 carefully
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J=-

NOTE

You cannot just
take the reciprocal
of each term;

the answer is not
a= b+ c. Here are
two solutions.

Mathematics Review

SOLUTION 1.
First add the fractions on the right hand side:

bc

+c

Now, take the reciprocal of each side: a =

SOLUTION 2.
Use the six-step method. Multiply each term by ab¢, the LCD:

dch] = aﬁc(j) + ab/(}(] = bc=ac+ab=alc+b) = a= cb:b .

If a>0and a? + b2 = ¢2, what is a in terms of b and ¢?

SOLUTION. 42 + b? = ¢2 = 2% = ¢2 — b2. Be careful: you cannot now take the
square root of each zerm and write, 2 = c— b. Rather, you must take the squate root

of each side: a = \/472 = Vet -2,

There are a few other types of equations that you could have to-solve on the GRE.
Fortunately, they are quite easy. You probably will not have to:solve a quadratic equa-
tion. However, if you do, you will 70¢ need the quadrati¢ formula, and you will not
have to factor a trinomial. Here are two examples.

If x is a positive number and x2 + 64 = 100, what is the value of x?
®6 ®12 ©13 ®14 ® 36

e e

SOLUTION. When there is an x?-term, but no x-term, we just have to take 2
square root:

x2+64=100:>x2=36:>x=\/3_6 =6 (A).

What is the largest value of x that satisfies the equation 2x? — 3x = 0?
®0 ®15 ©2 ©®25 ®3

SOLUTION.
When an equation has an x?-term and an x-term but no constant term, the way to
solve it is to factor out the x and to use the fact that if the product of two numbers

is 0, one of them must be 0 (KEY FACT A3):
2x2 —3x=0=x(2x-3) =0
x=0 or 2x-3=0
x=0 or 2x=3
x=0 or x=1.5.

The largest value is 1.5 (B).

In another typeof equation that occasionally appears on the GRE, the variable is
in the exponerit. These equations are particularly easy and are basically solved by

inspection!

If 2x+3 = 32 what is the value of 3¥*+2?

® 5 ®9 ©27 ©81 ®125

SOLUTION. ’

How many 2s do you have to multiply together to get 32? If you dont know that
its 5, just multiply and keep track. Count the 2s on your fingers as you say to your-
self, “2 times 2 is 4, times 2 is 8, times 2 is 16, times 2 is 32. Then

91x+3_.32=20=>x+3=5=>x=2.
Therefore, x + 2 = 4, and 3**2=3%=3x3x3x3 =81 (D).

Occasionally, both sides of an equation have variables in the exponents. In that
case, it is necessary to write both exponentlals with the same base.

If 4w+3 — gw-1 what is the value of w?
®0 ®1 ©2 ®3 ®°9

————

SOLUTION.

Since it is necessary to have the same base on eac
and 8 = 23, Then

h side of the equation, write 4 = 22
(23)w—1 = 3(w- 1) - p3w-3,

So, 22w+6 _ 93w-3 = 24 6 = 3w-3=> w=9 (E).
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Systems of Linear Equations

The equations x + y = 10 and x — y = 2 each have lots of solutions (infinitely many,
in fact). Some of them are given in the tables below.

x+y=10
X 516 |4 |1 ]12]10] 20
y 5|4 (6 {9 |88)01{-10
x+y {10 |10 {10 {10 | 10 |10 | 10

X 516 (2 |0 25|19] 40
y 3|14 |0 (2.5 |17 38
x-yi12 2 |2 |22 2|2

However, only one pair of numbers, ¥ = 6 and y = 4, satisfy both equations
simultaneously: 6 + 4 = 10 and 6 — 4 = 2. This then is the only solution of the
system of equations: ¥+y=10

x—y=2

A system of equations is a set of two or more equations involving two or more
variables. To solve such a system, you must find values for each of the variables that
will make each equation true. In an algebra course you learn several ways to solve
systems of equations. On the GRE, the most useful way to solve them is to add or
subtract (usually add) the equations. After demonstrating this method, we will show
in Example 19 one other way to handle some systems of equations.

TACTIC

To so.lve a system of equations, add or subtract them. If there are more than two
equations, add them.

X+y=10
X—y=2
Quantity A Quantity B
X
Yy
/
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SOLUTION.

Add the two equations: x+y=10
+x—y= 2
2x =12

x= 06

Replacing x with 6 in x + y = 10 yields y = 4. So, Quantity A is greater.

If 3a + 5b = 10 and 5a + 3b = 30, what is the average (arithmetic mean)

of aand b?

SOLUTION.
Add the two équations: 34+56=10
+5a4+36=30
8a+ 8b6=40
Divide both sides by 8: a+b=5
+b 5
The average of #and & is: 2 2 =3 =25

NOTE: It is not only unnecessary to first solve for zand & (2=7.5and & =-2.5.),
but, because that procedure is so much more time-consuming, it would be foolish

to do so.

7a-3b=200
7a+3b=100
Quantity A Quantity B
b
a

SOLUTION. .
Don't actually solve the system. Add the equations:

144 = 300 = 7a = 150.

quation, we get 150 + 36 = 100; so 36, and

So, replaci ith 150 in the second €
pacing /12w " Therefore, 2> b, and Quantity A is

hence 17, must be negative, whereas 4 1s posItIVE.
greater,

Occasionally on the GRE, it is as easy, Of easier, to solve the system by substitution.

we

On the GRE, most
problems involving
systems of equations
do not require you
to solve the system.
They usually ask for
something other than
the values of each
variable. Read the
questions very care-
fully, circle what you
need, and do no
more than is
required.

we

Remember TACTIC 5,
Chapter 9. On quanti-
tative comparison
questions, you don’t
need to know the
value of the quantity
in each column; you
only need to know
which one is greater.
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TACTIC . . . ea:
E Practice Exercises — Equations/Ilnequalities

If one of the equations in a system of equations consists of a single variable equal to

: : Discrete Quantitative Questions 5. If ax— b = c— dx, what is the value of xin
some expression, substitute that expression for the variable in the other equation. terms of a4, b, ¢, and d?
1. If 4x + 12 = 36, what is the value of x + 32 ® b+c
® 3 a+d
:: 6
Xx+y=10 ©9 c—b
: y=x- 2 a—-d
i . ® 12
Quantity A Quantity B : ® 18
X y © b_+.f____d
| 2. If 7x + 10 = 44, what is the value of 7x - 10? a
SOLUTION. ? 6 b
. : : : . » ® 6= -
: Since the second equation states that a single variable (#), is equal to some expres- 7 © a+d
sion (x— 2), substitute that expression for yin the first equation: x + y = 10 becomes i
x+ (x~2) =10. Then, 2x— 2 = 10, 2x = 12, and x = 6. As always, to find the value 4§ ¢ d
of the other variable (j), plug the value of x into one of the two original equations: 7 ®© b a
7=6—-2=4. Quantity A is greater.
© 147 6. If%x+-1—x+lx=33, what is the value of x?
® 24 ®3
f 18
5 ® 34 © 27
5y | ® 54
i ! 3. If 4x + 13 = 7 — 2x, what is the value of x? ® 72
| f ® __? 7. 1f3x— 4 = 11, what is the value of (3x— 4)%
5 3 36
; ? © -1 © 116
©1 ® 121
i ® ? ® 256

* s 4 8. 1f64!2 = 24-3, what is the value of a ?
4 Ifx— 4 = 9, what is the value of x* — 4 ®9

S | 15
® 72
® 75

e
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9. If the average (arithmetic mean) of 34 and Quantitative Comparison Questions 37r_5s=17 oyt
4b is less than 50, and 4 is twice &, what is t 2r—6s= 7 ¢ d
26 ;argest possible integer value of 2 ? ® Quantity g is greater. Suantity A Quantity B cand d are positive
® Quanti is greater. i ) .
10 © %uan‘tig;s A a%ld B are equal; < 19. The average 10 Quantity A Quantity B
© 11 ' ® It is impossible to determine which (arithmetic mean) 20. ¢ d
© 19 _quantity is greater. o of rand s
® 20 L i e
10.1f —— =5, then a = a+b=13
a—b a-b=13
® b+ Ouanticg A st ANSWER KEY
®6-5 1.C 5.A 9.0  13B  17.A
©h+ 1 P ’ b 2D 6.D 10.C 14. A 18. A
i 3.C 7.D 11.A 15. B 19. B
2 . 4165  8.E 12. 132 C 20.B
((®)] b— % 2b+l
Quantity A Quantity B Answer Explanations
1-56 14. a b | q
© 5 | 1.(C) The easiest method is to recognize that x + 3 is y of 4x + 12 and,
1. x= 32+ 7 and 2 ok 4x? = 3x
At x=3a+7 and y =944, what is y in terms . .
of x? g g Quantity A Quantity B therefore, equals % of 36, which is 9. If you don’t see that, solve normally:
® (x-7)? 15. X 1 ;
® 3(x-7)? — 4x+12=36=>4x=24=>x=6andsox+3=9.
a+b=1 i id f7x+10=44gives7x—10=24.lf
~7)? 2. (D) Subtracting 20 from each side o ' :
© . 3 ) brc=2 é you don’t see that, subtract 10 from each s.1de,. getting 7x = 34. Then subtract
2 c+a=3 10 to get 7x—~ 10 = 24. The worst alternative is to divide both sides of
© . +37) uane A uaniy b 7x=34by 7 to get x= -3—4—; then you have to multiply by 7 to get back
16. The average 1
® (x+7) (arltfhmetlc mean) to 34, and then subtract 10.
12. If 4y — 3x = 5, what is the smallest integer of 4, b, and ¢ 3. (C) Add 2x to each side: Gx+ 13 = 7. Subtract 13 from each side: 6x = 6.
value of x for which y > 1002 3x—4dy=5 Divide by 6: x = —1.
y=2x 4. 165 x_4=9:x=13:>x2=169andsox2—4=165.
Quantity A Quantity B ' 5. (A) Treat 4, b, ¢, and das constants, and use the six-step method to solve
17. x ¥y ‘3 for x:
e | dx_b=c_dx:>ax—b+tix=6::>dx+dx=€+b:$x(4+d)=b+6::
X X
9 2> 3 e b+c
Quantity A Quantity B | atd
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8. (E) 2¢73=6412=(2%912-2"2= 4_-3=-72,and so a = 75.
. (D) Since 2= 26, 2a = 4b. Therefore, the average of 34 and 46 is the average

10.

11.

12.

13.

14.

. (D) Multiply both sides by 18, the LCD:

. (D) Be alert. Since you are given the value of 3x — 4, and want the value

18<%x+ éx+ %x) =18(33) > 6x+ 3x+2x=594 = 11lx =594 = x= 54,

It’s actually easier not to multiply out 18 X 33; leave it in that form, and then

3
ISX%; 3x 18 = 54.

divide by 11:
1

of (3x — 4)2, just square both sides: 112 = 121. If you don’t see that, you'll
waste time solving 3x— 4 = 11(x = 5), only to use that value to calculate that
3x— 4 is equal to 11, which you aready knew.

of 32 and 24, which is 2.54. Therefore, 2.52 < 50 = a < 20. So the largest
integer value of a is 19.

1

(C) Taking the reciprocal of each side, we get 2 — 4 = % Soa=1b+ 5

(A) x=32+7 = x—7=3a=a=*"7

2 2
Therefore, y = 94 = 9[%_7) = 9%‘ = (x= 7).

5+3x
a

132 Solving for y yields y=

5+ 3x
4

Then, since y > 100: >100 =5+ 3x> 400 = 3x> 395 =

x> 131.666.
The smallest integer value of x is 132.

(B) Adding the two equations, we get that 24 = 26. Therefore, 2 = 13
and $=0.

Zﬂ—l

(A) Express each side of b = 8 as a power of 2:
3 zd'—l (
_ _ 1) — (b+1 -
8 =23 and pyae = 20aD) = (6+1) _ pa—b-2

Therefore, s —6—2 =3 = 4= b+ S, and so ais greater.

15.

16.

17.

18.

19;

20.

Mathematics Review

(B) 4x* = 3x= 4x* —3x=0= x(4x—3) = 0.

So,
x=0 or 4x-3=0=
x=0 or 4x=3>
x=0 or x=%

There are two possible values of x, both of which are less than 1.

(C) When we add all three equations, we get

a+b+c
3

(A) Use substitution. Replace y in the first equation with 2x:

3x— 420 =5=3x-8x=5>-Sx=5=2x=-1=y=-2

= 1.

20+42b+2c=6=a+ b+ c=3,and so

(A) Multiply both sides by 6, the LCD:

6[%—2) > 6(%] = 3x—-12>2x=-12>-x= x> 12.

(B) The first thing to try is to add the equations. That yields 57— ll.s = 24,
which does not appear to be useful. So now try to subtract the equations.

That yields r + s = 10.
r+s 10

2 T2
(B) Multiply both sides of the given equation by cd, the LCD of the fractions:

=5,

So the average of rand sis

d
Cd(l) = cd(l+:1i-) =>d=cd+c=dd+1)=>c= PIRE

c

Since d is positive, d+ 1 > 1, and so T+l d.

Soc<d
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11-H. WORD PROBLEMS

On a typical GRE you will see several word problems, covering almost every math In 7 years Erin will be twice as old as she was 8 years ago. How old is Erin now?
topic for which you are responsible. In this chapter you have already seen word prob-
lems on consecutive integers in Section A; fractions and percents in Sections B and
C; ratios and rates in Section D; and averages in Section E. Later in this chapter you
will see word problems involving probability, circles, triangles, and other geometric

j figures. A few of these problems can be solved with just arithmetic, but most of them Once you translate the words into arithmet.ic expressions or algebraic equations,
require basic algebra. Examples 1A and 1B and 2A and 2B are identical. The problem that many students
To solve word problems algebraically, you must treat algebra as a foreign language have is doing the translation. It re.ally isn’t'very dlfﬁcult,“ a'nd. we'll s”how you how.
and learn to translate “word for word” from English into algebra, just as you would First, though, look over the following English to algebra “dictionary.
from English into French or Spanish or any other language. When translating into I ———
algebra, we use some letter (often x) to represent the unknown quantity we are try- - 4 MZanei:;]a Symbol
ing to determine. It is this translation process that causes difficulty for some stu- nglish Words . . i
dents. Once translated, solving is easy using the techniques we have already Is, was, will be, had, has, will have, is equal Equals =
P reviewed. Consider the following pairs of typical GRE questions. The first ones in o, is the same as —
o each pair (1A and 2A) would be considered easy, whereas the second ones (1B and Plus, more than, sum, increased by, added to, Addition +
L 2B) would be considered harder. exceeds, received, got, older than, farther than,
o greater than
‘ | Minus, fewer, less than, difference, decreased Subtraction -
: , by, subtracted from, younger than, gave, lost
T l What is 4% of 4% of 40.0007 | Times, of, product, multiplied by Multiplication X -
. : Divided by, quotient, per, for Division -5
More than, greater than Inequality
At least inequality >
Fewer than, less than Inequality <
At most Inequality <
o What, how many, etc. Unknown X (or some
In a lottery, 4% of the tickets printed can be redeemed.for prizes, Y quantity other variable)
and 4% of those tickets have values in excess of $100.If the state
prints 40,000 tickets, how many of them can be redeemed for ’ icti translate some phrases and sentences.
more than $1007? Let’s use our dictionary to tra p 1
1. The sum of 5 and some number is 13. 5+x=13
2. John was 2 years younger than Sam. J=5-2
: <100
— 3. Bill has at most $100. B<10
4. The product of 2 and a number exceeds that NN
number by 5 (is 5 more than). =N+
In translating statements, you first must decide what quantity the‘ v.a.rlable will
1047 =2(x=8), what s the value of x? tepresent. Often it's obvious. Other times there is more t}.lan.one pOSS.lblllt}f. ;
Let’s translate and solve the two questions from the beginning of this section, an
:| then we'll look at a few new ones.
e
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w

In all word prob-
lems on the GRE,
remember to write
down and circle
what you are
looking for.

Don’t answer the
wrong question!

TIP f

In problems
involving ages,
remember that
“years ago” means
you need to sub-
tract, and “years
from now” means
you need to add.

TIP f

It is often very
useful to organize
the data from a
word problem

in a table.

In a lottery, 4% of the tickets printed can be redeemed for prizes, and
4% of those tickets have values in excess of $100. If the state prints
40,000 tickets, how many of them can be redeemed for more than $100?

SOLUTION.
Let x = the number of tickets worth more than $100. Then

x = 4% of 4% of 40,000 = .04 X .04 X 40,000 = 64,

which is also the solution to Example 1a.

In 7 years Erin will be twice as old as she was 8 years ago. How old is Erin now?

SOLUTION.

Let x = Erin’s age now. Then 8 years ago she was x— 8, and 7 years from now she will

be x + 7. So,
X+7=2x-8)=x+7=2x-16=>7 =x— 16 = x =23,

which is also the solution to Example 2a.

Most algebraic word problems on the GRE are not too difficult, and if you can
do the algebra, that’s usually the best way. But if, after studying this section, you still
get stuck on a question during the test, don’t despair. Use the tactics that you learned
in Chapter 8, especially TACTIC 1—backsolving,

Age Problems

In 198Q, Judy was 3 times as old as Adam, but in 1984 she was
only twice as old as he was. How old was Adam in 19907

®4 ®8 ©12 ®14 ®16

I
SOLUTION.
Let x be Adam’s age in 1980 and fill in the table below.

Year Judy Adam

1980 3x X

1984 3x+ 4 x+4

Mathematics Review

Now translate: Judy’s age in 1984 was twice Adam’s age in 1984:
3x+4=2(x+4)=2x+8
3x+4=2x+8=x+4=8,andso x=4.

So, Adam was 4 in 1980. However, 4 is not the answer to this question. Did you
remember to circle what you're looking for? The question could have asked for
Adam’s age in 1980 (Choice A) or 1984 (Choice B) or Judy’s age in any year what-
soever (Choice C is 1980 and Choice E is 1984); but it didn'. It asked for Adam’s
age in 1990. Since he was 4 in 1980, then 10 years later, in 1990, he was 14 (D).

Distance Problems

Distance problems all depend on three variations of the same formula:

distance . distance
i = i = — ime = —————
distance = rate X time rate ime e
. d d
These are usually abbreviated, d = rt, r = > and ¢t = =

How much longer, in seconds, is required to drive 1 mile at 40 miles
per hour than at 60 miles per hour?

SOLUTION. o
The time to drive 1 mile at 40 miles per hour is given by

1 .
t= 1 hour = 1 X 60 minutes = 15 minutes.

. L,
The time to drive 1 mile at 60 miles per hour is given by z= 0 hour = 1 minute.

The difference is % minute = 30 seconds.

Note that this solution used the time formula given, but required only ar ithmetic,

not algebra. FExample 5 requires an algebraic solution.

les per hour. Returning over
and he was only able to drivg
k 1 hour longer, how many miles

Avi drove from his home to college at 60 mi
the same route, there was a lot of traffic,
at 40 miles per hour. If the return trip too
did he drive each way?

®2 ®3 ©5 ©®120 ® 240

—————
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SOLUTION.
Let x = the number of hours Avi took going to college and make a table.

rate time distance
Going 60 x 60x
Returning | 40 x+ 1 40(x+ 1)

Since he drove the same distance going and returning,
60x = 40(x + 1) = 60x = 40x + 40 = 20x = 40, and so x = 2.

Now be sure to answer the correct question. When x = 2, Choices A, B, and Care
the time in hours that it took going, returning, and round-trip; Choices D and E are
the distances each way and round-trip. You could have been asked for any of the five.
If you circled what you're looking for, you won’t make a careless mistake. Avi drove
120 miles each way, and so the correct answer is D.

The din d = rt stands for “distance,” but it could really be any type of work that
is performed at a certain rate, 7, for a certain amount of time, = Example 5 need not
be about distance. Instead of driving 120 miles at 60 miles per hour for 2 hours, Avi
could have read 120 pages at a rate of 60 pages per hour for 2 hours; or planted 120
flowers at the rate of 60 flowers per hour for 2 hours; or typed 120 words at a rate
of 60 words per minute for 2 minutes.

Examples 6 and 7 illustrate two additional word problems of the type thatyou
might find on the GRE.

Lindsay is trying to collect all the cards in a special commemorative set

of baseball cards. She currently has exactly 1 of the cards in that set.
4

When she gets 10 more cards, she will then have % of the cards. How
many cards are in the set?

@30 ®60 ©120 ® 180 ® 240

SOLUTION.
Let x be the number cards in the set. First, translate this problem from English into

lgebra: > L -
algebra: —x + 10 = 3% Now, use the six-step method of Section 11-G to solve the

equation. Multiply by 12 to get, 3x + 120 = 4x, and then subtract 3x from each side
x = 120°(C).
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Jen, Ken, and Len have a total of $390. Jen has 5 times as much as Len,

and Ken has % as much as Jen. How much money does Ken have?

® $40 $78 © $150 © $195 ® $200

Suppose, for example, that in this problem you let x represent the amount of

4
money that Ken has. Then since Ken has k) as much as Jen, Jen has 3 as much as

4

Ken: gx; and Jen would have % of that: (%)(%xj . It is much easier here to let x

represent the amount of money Len has.
SOLUTION.
Let x represent'.the amount of money Len has. Then 5x is the amount

that Jen has, and —Z—(Sx) is the amount that Ken has. Since the total amount of

money is $390, x + 5x + 1—45-x = 390.

Multiply by 4 to get rid of the fraction: 4x + 20x + 15x = 1560.
Combine like terms and then divide: 39x = 1560 = x = 40.

So Len has $40, Jen has 5 x 40 = $200, and Ken has %(200) _ $150 (C).

w

You often have a
choice as to what
to let the variable
represent. Don’t
necessarily let it
represent what
you're looking for;
rather, choose
what will make the
problem easiest
to solve.
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8. On a certain project the only grades awarded Boris spent i of his take-home pay on

Practice Exercises — Word Problems
R were 80 and 100. If 10 students completed

the project and the average of their grades was

Saturday and % of what was left on Sunday.

Discrete Quantitative Questions 4. As a fund-raiser, the school band was selling 94, how many earned 100? o _
I. Howard has three times as much money as two types of candy: lollipops for 40 cents each @ 2 The rest he put in his savings account.
Ronald. If Howard gives Ronald $50, Ronald ?\Zd cjlocorte balrj §05r075 CZI,“S eaiih' 'Ond 3 Quantity A Quantity B
. : onday, -
will then have three times as much money as iy doﬁi’r; ;{)’Oz: - 1C2111r‘1 ies a;d rz;llse " ©5 12.  The amount of T'he amount of
Howard. How much money, in dollars, do the ) any lotlpops did they sell ©7 his take-home his take-home
two of them have together? ? g(s) ®38 pay that he spent pay that he saved
®
1 1
© 96 9. If —x years ago Adam was 12, and —x years In 8 years, Tiffany will be 3 times
dollars ® 110 5 3 y y
® 120 from now he will be 2x years old, how old will as old as she is now.
. In the afternoon, Beth reac'i 100 pages at the he be 3x years from now? Quantity A Quantity B
rate of 60 pages per hour; in the evening, 5. A jar contains only red, white, and blue ® 18
when she was tired, she read another 100 4 24 13. The number of 16
pages at the rate of 40 pages per hour. What marbles. The number of red marbles is = the years until Tiffany
was her average rate of reading for the day? . > © 59 will be 6 rimes as
43 g Y number of white ones, and the number of ® 54 o1 as she is now
® .
48 white ones is 3 the number of blue ones. ® .It cannot be d_etermmed from the
4 : information given. Rachel put exactly 50 cents worth of postage
© 50 If there are 470 marbles in all, how many of on an envelope using only 4-cent stamps
@ 52 them are blue? 10. Since 1950, when Barry was discharged from and 7-cent stamps.
® 55 @ 120 the army, he has gained 2 pounds every year.
o 135 In 1980 he was 40% heavier than in 1950. Quantity A Quantity B
L If the.sum of five consecutive integers is S, © 150 What percent of his 1995 weight was his - e of - b of
what is the largest of those integers in terms ® 184 1980 weight? 14. 4 € number o 7 € number o
of §? -cent stamps -cent stamps
$-10 ® 200 ® 80 she used she used
_ 85
@ = .
5 6. The number of shells\in'Judy’s collection is © 87.5 Car A and Car B leave from
80% of the number-in Justin’s collection. If ® 90 the same spot at the same time.
S+4 Justin has 80 more shells than Judy, how ® 95 Car A travels due north at 40 mph.
4 many shells do they have altogether? Car B travels due east at 30 mph.
Quantitative Comparison Questions
S+5 Quantity A Quantity B
© 212
shells
4 @ Quantity A is greater 15. Distance from 450 miles
® §-5 7. What is the greater of two numbers whose ®QuanntyBisgreatcr e Car A fto Cﬁr Bl )
2 product is 900, if the sum of the two numbers ~ © Quantities A and B are equal. L 9 hours after they left
exceeds their difference by 30? It ISimpos&bletodetermmeWhlch Gh e
® “50 ® 15  Quandryisgreater.
g ;(5) Lindsay is twice as old as she was 10. years ago-
® 100 Kimberly is half as old as she will be in 10 years.
Quantity A Quantity B
11 Lindsay’s age Kimberly’s age
now now
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ANSWER KEY
1.100 4.D
2.B 5.E
3.E 6. 720

o ®© N
oow
>
OQo»

Answer Explanations
1. 100

Ronald | Howard
At the beginning x 3x
After the gift x+50 | 3x-50

After the gift, Ronald will have 3 times as much money as Howard:
x+50=303x-50) = x+ 50 = 9x— 150 = 8x = 200, and so x = 25.
So Ronald has $25 and Howard has $75, for a total of $100.

2. (B) Beth’s average rate of reading is determined by dividing the total number
of pages she read (200) by the total amount of time she spent reading. In the

100
afternoon she read for 0 - % hours, and in the evening for 100 = = hours,

40

: 5.5 10 1
for a total time of 3t5=¢+ > _ % hours. So, her average rate was

. 25 6
200 + ik 200 x 75 48 pages per hour.

3. (E) Let the 5 consecutive integers be 7, 7+ 1, n+ 2, 7 + 3, n + %, Then,

S=n+n+1+n+2+n+3+n+4=5n+10:>5n=5_10:>n= S_IO.
Choi i ’
oice A, therefore, is the smallest of the integers; the largest is
n+4=ﬂ+4=ﬂ+@=_5+10
5 5 5 5

4. (D) Let x represent the number of chocolate bars sold; then 150 — x is
thf:- number of lollipops sold. We must use the same units, so we could
:’imfe le Cem}i . '175 dollars or 74 dollars as 7400 cents. Let’s avoid the

ecimals: x chocolates sold for 75x cents and (150 — . 1d f
40(150 — x) cents. So, s and (15 x) lolllpops sold for

7400 = 75x + 40(150 — x) = 75x + 6000 — 40x = 6000 + 35x =
1400 = 35x = x = 40 and 150 - 40 = 110.

5. (E) If & is the number of blue marbles, then there are 3 b white ones, and

4 3
5 (%b) = gbred ones.

Therefore, 470 = 4 + §b+ éb___ b(1+_3_ é) _ 47
A i*s5)" 20"
10

So,b=470+£—4?6x@=200.

20 77 47,

10.

I1.

12.
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720 If x is the number of shells in Justin’s collection, then Judy has .80x.
Since Justin has 80 more shells than Judy,
x=.80x+ 80 = .20x = 80 = x = 80 + .20 = 400.

So Justin has 400 and Judy has 320: a total of 720.

(B) If x represents the greater and y the smaller of the two numbers, then
(x+9) =30+ x-» =>y=30-y = 2y=30, and so y = 15. Since xy = 900,
x=900 + 15 = 60.

(D) If x represents the number of students earning 100, then 10 — xis the
number of students earning 80. So
- - +800
94 = 100x + 80(10 — x) = 94 - 100x + 800 — 80x _ 20x 4+ 80 -
10 10 10

94 % 10 = 940 = 20x + 800 = 140 = 20x, and x=7.

. 1
. (D) Since %x years ago, Adam was 12, he is now 12 + %x. So —2-x years from

now; he will be 12 + lx + %x - 12 + x. But, we are told that at that time

2
he will be 2x years old. So, 12 + x=2x= x = 12.

Thus, he is now 12 + 6 = 18, and 3x or 36 years from now he will be
18 + 36 = 54.

(C) Let x be Barry’s weight in 1950. By 1980, he had gained 60 pounds
(2 pounds per year for 30 years) and was 40% heavier: 60 = .40x =
x=60 = 4 = 150. So in 1980, he weighed 210. Fifteen years later, in 1995,

210 7
i .2 — -~ =87.5%.
he weighed 240: 240 " 8 7.5%

(A) You can do the simple algebra, but you might realize that if in the.past
10 years Lindsay’s age doubled, she was 10 and is now 20. Similarly, Kimberly

is now 10 and in 10 years will be 20.
Here is the algebra: if x represents Lindsay’s age now,

x=2(x—10) = x = 2x— 20 = x = 20. '
Similarly, Kimberly is now 10 and will be 20 in 10 years.

(C) Let x represent the amount of Boris’s take-home pay. On Saturday, he

1
spent %x and still had %x; but on Sunday, he spent 3 of that:
1 .
%(%x) = %x. Therefore, he spent of his take-home pay each day.

1 )
So, he spent % of his pay and saved 3 of his pay.

345
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13. (A) If x represents Tiffany’s age now, then in 8 years she will be x + 8, and
sox+8=3x=8=2x=>x=4.

Tiffany will be 6 times as old 20 years from now, when she will be 24.

14. (D) If x and y represent the number of 4-cent stamps and 7-cent stamps that
Rachel used, respectively, then 4x + 7y = 50. This equation has infinitely
many solutions but only 2 in which x and y are both positive integers:
y=2and x=9ory=6and x=2.

15. (C) Draw a diagram. In 9 hours Car A drove 360 miles north and Car B
drove 270 miles east. These are the legs of a right triangle, whose hypotenuse
is the distance between them. Use the Pythagorean theorem if you dont
recognize that this is just a 3x-4x-5x right triangle: the legs are 90 x 3 and
90 X 4, and the hypotenuse is 90 x 5 = 450.

360 A\

Mathematics Review 347

Geometry

Although about 30% of the math questions on the GRE have to do with geometry,
there are only a relatively small number of facts you need to know — far less than you
would learn in a geometry course — and, of course, there are no proofs. In the next
six sections we will review all of the geometry that you need to know to do well on
the GRE. We will present the material exactly as it appears on the GRE, using the
same vocabulary and notation, which might be slightly different from the terminol-
ogy you learned in your high school math classes. The numerous examples in the next
six sections will show you exactly how these topics are treated on the GRE.

11-l. LINES AND ANGLES

An angle is formed by the intersection of two line segments, rays, or lines. The point
of intersection is called the wertex. On the GRE, angles are always measured in

degrees.

KEY FACT I1

Angles are classified according to their degree measures.

* An acute angle measures less than 90°.

* A right angle measures 90°.
* An obtuse angle measures more than 90° but less than 180°.

* A straight angle measures 180°.

0
/ !

x<90 x=90
acute angle right angle

(e}
P Y\

90 <x< 180 'x=180
obtuse angle straight angle

NOTE: The small square in the second angle in the figure above is always us§d o
mean that the angle is a right angle. On the GRE, if an angle has a square in it
it must measure exactly 90°, whether or not you think that the figure has been drawn

2o scale,
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KEY FACT 12

If two or more angles form a straight angle, the sum of their measures is 180°,

- ab®
a+b=180

In the figure below, R, S, and T are all on line £. What is the average of
a, b, c d and e?

SOLUTION.
Since ZRST is a straight angle, by KEY FACT 12, the sum of 4, 4, ¢, d, and eis 180,

and so their average is 180 = 36.

In the figure below, since @ + & + ¢ + d = 180 and ¢ + f+ g = 180,
a+b+crd+e+ f+ g=180+ 180 = 360.

Itis also true that # + v+ w + x + ¥ + z = 360, even though none of the angles
forms a straight angle.

Mathematics Review

KEY FACT 13

The sum of all the measures of all the angles around a point is 360°.

NOTE: This fact is particularly important when the point is the center of a circle,
as we shall see in Section 11-L.

v

a+b+c+d=360

When two lines intersect, four angles are formed. The two angles in each pair of
opposite angles are called vertical angles.

)><(

KEY FACT 14

Vertical angles have equal measures.

In the figure at the right, what is the value of x?
®6 ®8 ©10 ®20 ®40

SOLUTION.
Since the measures of vertical angles are equal, 3x + 10 =
Sx—10 = 3x + 20 = 5x=> 20 = 2x=> x=10 (O).

KEY FACT I5

If one of the angles formed by the intersection of two lines (or line segments)
is a right angle, then all four angles are right angles.

5(x—2) = 3x + 10 =

Bo\f

a= b =C= 90
les are called perpendicular.

Two lines that intersect to form right ang

349
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In the figures below, line € divides ZABCinto two equal parts, and line £ divides
line segment DE into two equal parts. Line € is said to bisect the angle, and line 4
bisects the line segment. Point M is called the midpoint of segment DE.

k
A A
/
/
/
B/65° 10 /10
— _0_____)(
65 D M E
/
C /

In the figure at the right, lines k, €, and m {
intersect at O. If line m bisects ZAOB,
what is the value of x?

®25 ®3B ©45 ©®50 ®60

SOLUTION.
mZAOB + 130 = 180 = mZAOB = 50; and since m bisects LAOB, x = 25\(A).

Two lines that never intersect are said to be parallel. Consequently; parallel lines
form no angles. However, if a third line, called a transversal, intersects-a pair of par-

allel lines, eight angles are formed, and the relationships among these angles are very
important.

KEY FACT I6

If a pair of parallel lines is cut by a transversal that is perpendicular to the
parallel lines, all eight angles are right angles.

s
|

1]
[N

r.,__w.__._-M___... [
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KEY FACT 17

If a pair of parallel lines is cut by a transversal that is not perpendicular to the
parallel lines,

Four of the angles are acute and four are obtuse;
The four acute angles are equal: 2= c= e=g;
The four obtuse angles are equal: b = d = f= b;

The sum of any acute angle and any obtuse angle is 180°: for example,
d+e=180, c+ f= 180, b + g= 180, ....

KEY FACT I8

If a pair of lines that are not parallel is cut by a transversal, none of the prop-
erties listed in KEY FACT 17 is true.

You must know KEY FACT 17 — virtually every GRE has at least one question

based on it. However, you do not need to know the special terms you learned in high
es; those terms are not used on the GRE.

school for these pairs of angl

In the figure below, AB is parallel to CD. What is the value of x?
A E B

—

\

—

SOLUTION.
Let y be the measure of ZBED. Then by KEY FACT I2:

37490 + y= 180 = 127 + y= 180 = y=53.

Since AB is parallel to CD, by KEY FACT 17, x= y= x=53.



352 New GRE

In the figure below, lines € and k are paraliel. What is the value of a + b?

- » ¢
a°

45°

bO

@45 ®60 ©75 ©®90 ® 135

SOLUTION.
It is impossible to determine the value of either 2 or 4. We can, however, find the
value of 2 + b. We draw a line through the vertex of the angle parallel to € and 4.

Then, looking at the top two lines, we see that 2 = x, and looking at the bottom two
lines, we see that &= 3. So, 2+ b= x+ y= 45 (A).

- _ -y

Alternative solution. Draw a different line and use a Key Fact from Section 117
on triangles. Extend one of the line segments to form a triangle. Since € and kare
parallel, the measure of the third angle in the triangle equals 2. Now, use the fact that
the sum of the measures of the three angles in a triangle is 180° or, even-easier, that
the given 45° angle is an external angle of the triangle, and so is equal to the sum of

aand b.

. In the figure below, what is the value of
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Practice Exercises — Lines and Angles

Discrete Quantitative Questions

1. In the figure below, what is the average (arith-

metic mean) of the measures of the five angles?

&/

® 36
® 45
© 60
® 72
® 90

b+a?
—a

@1
® 10
© 11
® 30
® 36

. In the figure below, what is the value of &?

4. In the figure below, what is the value of xif

yix = 3:22

® 18
® 27
© 36
® 45
® 54

. What is the measure, in degrees, of the angle

formed by the minute and hour hands of a
clock at 1:502

degrees

6. Concerning the figure below, if 2 = 4, which

of the following statements must be true?

Indicate @/l such statements.

.
I

A

c=d
€ and £ are parallel

m and € are perpendicular

. In the figure below, a:b=23:5and c:6=2:1.

What is the measure of the largest angle?

® 30
® 45
© 50
® 90
® 100
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8.

10.

A, B, and Care points on a line with B
between A and C. Let M and N be the
midpoints of AB and BC, respectively.
If AB:BC = 3:1, what is MN:BC?

@ 1:2

2:3

© 1:1

®© 3:2

® 2:1

In the figure below, lines £ and € are parallel.

What is the value of y — x?

- ~ > £
X
45°
-« Y » k
® 15
30
© 45
®@ 60
® 75
In the figure below, line m bisects LZAOC

and line € bisects LAOB. What is the
measure of ZDOE?

®75
90
© 100
® 105
® 120

Quantitative Comparison Questions

@ Quantity A is greater.
~ ® Quantity B is greater.

© Quantities A and B are equal.

® It is impossible to determine which
o ‘;quantity is greater.

50°

x°

« p e

< is parallel to k.

Quantity A Quantity B
11. x 50
B
/ ' D
A C

AB is parallel to CD.

Quantity A Quantity B
12. a b

Quantity A Quantity B
13. a+b+c+d 2a+ 2b

Mathematics Review

/ / - - A >
D a°/h° 2° fo > Y O
B ‘
-« > ¢
5 dfec h°lg° oy ¢
) / / k and £ are parallel.
Quantity A Quantity B Quantity A Quantity B
14. a+b+c+d e+ frg+h 15. z X+
ANSWER KEY
1.D 4. C 7.E 10. 13.D
2.C 5.:115 8.E 11.D 14.C
3.36 6. A 9.C 12. 15.C

Answer Explanations

1.

. 115 For problems such as this, always draw a

(D) The markings in the five angles are irrelevant. The sum of the measures
of the five angles is 360°, and 360 + 5 = 72. If you calculated the measure of
each angle you should have gotten 30, 54, 72, 90, and 108; but you would

have wasted time.
(C) From the diagram, we see that 62 = 180, which implies that 2 = 30, and

b+a 36+30 66 _
that 54 = 180, which implies that b = 36. So, Y = =30 " i 11.

36 Since vertical angles are equal, the two unmarked angles are 26 and 44.

Since the sum of all six angles is 360°,
360 = 4a+2b+ 2a+ 4a+2b+ b=10a+ 5b.

However, since vertical angles are equal, b=2a=5b
360 = 10a + 5b = 102+ 102 = 204,50 2= 18 and b = 36.

= 104. Hence,

(C) Since x+ y+90 =180, x+y= 90. Also, since y:x = 3:2, y = 3tand6
x=2t The[efore, 3t + 2t= 90 = 5t= 90. Sot= 18, and X = 2(18) = 36.

diagram. The measure of each of the 12 central angles

from one number to the next on Fhe clock is 3>(§)°il
At 1:50 the minute hand is pointing at 10, and the

hour hand has gone 50 _ —Z— of the way from 1 to 2.

60
So from 10 to 1 on the clock is 9

for a total of 90° + 25° = 115°.

0°, and from 1 to

the hour hand is %(30°) = 25%,

355
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6. (A) No conclusions can be made about the lines; they could form any angles 11-J. TRIANGLES
whatsoever. (B and C are both false.) Since 2= 4, More geometry questions on the GRE pertain to triangles than to any other topic.
c=180-42=180-6=d To answer them, there are several important facts that you need to know about the
(A is true.) angles and sides of triangles. The KEY FACTS in this section are extremely useful.

Read them carefully, a few times if necessary, and make sure you learn them all.

7. (E) Since a:6 = 3:5,then a=3xand 6=5x. c:b=c:5x=2:1 = ¢c= 10x.
Then, 3x + 5x+ 10x= 180 = 18x = 180. So, x = 10 and ¢ = 10x = 100.

. . . TN
8. (E) If a diagram is not provided on a geometry question, draw one on your KEY FACT J

scrap paper. From the figure below, you can see that MN:BC = 2:1. In any triangle, the sum of the measures of the three angles is 180°:

-3 -]
1.5 1.5 S 5
A M B N C

-~ 22—

9. (O) Since the lines are parallel, the angle marked y and the sum of the angles
marked x and 45 are equal: y = x + 45 = y— x = 45.

G
10. (B) Let x = %mLAOC, and y = %mLAOB. ¢
{ 30 J N
Then, x+ y= %mLAOC+ %méAOB: %(180) - 90. 5 .
: gl65° 1o\, gLl 60N g AN VAU U
J 71+ 65+ 44 = 180 E 135+25+20=180 90 +60+30=180 90 +45+45=180 60 +60+60=180
@ b) (9 @ (©

FIGURE 1
Figure 1 (a—e) illustrates KEY FACT J1 for five different triangles, which will be

discussed below.

11. (D) No conclusion can be made: x could equal 50 or bé-more or less.

12. (B) Since mZA + 32 + 75 = 180, mZA - 73; and since AB is parallel to CD,
a = 73, whereas, because vertical angles are equal, 4 = 75.

In the figure below, what is the value of x?

13. (D) Quantity A Quantity B : A

a+b+c+d 2a+2b ©
Subtract 2 and 4 from each quantity: c+d a+b
Since 6 = 4, subtract them: c a , B < 35"
There is no way to determine whether s less than, greater than, or equal to ¢ f
1 120°
14. (C) Whether the lines are parallel or not, 2+ b= c+ d=¢ +f=g+h= 180. ! E

Each quantity is equal to 360.
@25 ®35 ©45 ©®55 ® 65

15. (C) Extend line segment AB to form a transversal. Since w + z = 180 and —
w+ (x+ y) = 180, it follows that z = x + . |

SOLUTION.
-~ oA,/ . i Use KEY FACT J1 twice: first, for ACDE and then for AABC.
Yo 155 = 180 = mZDCE = 25.
o : * mZDCE + 120 + 35 = 180 = m£DCE+ 135 = 180 = A0
R S > i * Since vertical angles are equal, mZ/ACB = see )

7 c - 180, and so x = 65 (E).

/ * x+90+25=180= x+115
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In the figure at the right, what is the value of a? B

@45 ®60 ©75 ®120 ® 135

SOLUTION.
First find the value of 4: 180 =45+ 75+ 6=120+ b = b = 60.

Then, 2+ 6=180 = 2= 180 — b= 180 - 60 = 120 (D).

In Example 2, ZBCD, which is formed by one side of AABC and the extension
of another side, is called an exterior angle. Note that to find @ we did not have t©
first find 4; we could have just added the other two angles: « = 75 + 45 = 120. This

is a useful fact to remember.

KEY FACT J2

The measure of an exterior angle of a triangle is equal to the sum of the meas-
ures of the two opposite interior angles.

KEY FACT J3

In any triangle:

* the longest side is opposite the largest angle;
* the shortest side is opposite the smallest angle;

* sides with the same length are opposite angles with the same-measure.

CAUTION

In KEY FACT J3 the condition “in any triangle” is crucial. If the angles
are not in the same triangle, none of the conclusions hold. For exam-
ple, in the figures below, AB and DFE are not equal even though they
are each opposite a 90° angle, and QS is not the longest side in the
figure, even though it is opposite the largest angle in the figure.

A D

Q

e m——

Consider triangles ABC, JKL, and RST in Figure 1 on the previous page.

* In AABC: BC s the longest side since it is opposite angle A, the largest angle

(71°). Similarly, ABis the shortest side since it i ! o s
angle (44°). So AB< AC< BC 1s opposite angle G, t

Mathematics Review

e In AJKL: angles Jand L have the same measure (45°), so /K= KL.
o In ARST: since all three angles have the same measure (60°), all three sides have

the same length: RS = §T'= TR

Which of the following statements concerning
the length of side YZis true?

Indicate all such statements.

YZ<9
YZ=9
9<YZ<10 9
[D] YZ=10
YZ>10 y170° 58N\,

SOLUTION.

Siricé the five answer choices are mutually exclusive, only one of them can be true.

By KEY FACT J1, m£X+ 70 + 58 = 180 = mZLX =52.

* So, Xis the smallest angle. ‘
* Therefore, by KEY FACT ]3, YZ is the shortest side. So¥Z < 9 (A).

Classification of Triangles

Lengths of Measures of Exarr_mples from
Name the Sides the Angles Figure 1
scalene all 3 different all 3 different ABC, DEF, GHI
isosceles 2 the same 2 the same JKL
equilateral all 3 the same all 3 the same RST

Acute triangles are triangles such as ABC and RST; in which all three angles are

acute. An acute triangle could be scalene, isosc_eles, or equilateral. - .
Obtuse triangles are triangles such as DEF, in which one angle is obtuse and two

are acute. An obtuse triangle could be scalene or isosceles.

Right triangles are triangles such as GHI and JKL, v.vhich have one right angle
and two acute ones. A right triangle could be scalene or 1soscelc?s.-The side opposite
the 90° angle is called the hypotenuse, and by KEY FACT J3, 1t 1s the longest side.
The other two sides are called the legs.
ght triangle, then by KEY

If x and y are the measures of the acute angles ofar

FACT J1,90 + x+ y = 180 = x+ y=90.

KEY FACT J4

In any right triangle, the sum of the measures of the two acute angles is 90°.
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e

The Pythagorean
theorem is probably
the most important
theorem you need
to know. Be sure to
review all of its uses.

Mathematics Review

A
to
B i c
Quantity A Quantity B
The average of xand y 45

SOLUTION.
Since the diagram indicates that AABCis a right triangle, then, by KEY FACT J1,
x + y=90. So the average of xand y = % = 9—20 = 45.

The quantities are equal (C).

The most important facts concerning right triangles are the Pythagorean theo-
rem and its converse, which are given in KEY FACT J5 and repeated as the first line
of KEY FACT J6.

KEY FACT J5

Let a,zb, and ¢ be the sides of AABC, with 2< b< ¢. If AABCis a right trian-
gle, a2 + b2 = ¢ and if 4% + b2 = ¢2, then AABCis a right triangle.
B

KEY FACT J6

Let a, b, and ¢ be the sides of AABC, with 2< b< ¢.

. ai + bi = 022 1f and only if angle Cis a right angle. (AABCis a right triangle.
. a2 + b2 < c2 ff and only if angle Cis obtuse. (AABCis an obtuse triangle)
* 4%+ b%> c” if and only if angle Cis acute.(AABCis an acute triangle.)

A
6 10
C
3 B
62 + 82 =102

A
A
11 6 9
6
C 8 B C 8 B

2482 2
6°+8° <11 62+ 82592

Which of the following triples are not the sides of a right triangle?
Indicate all such triples.

[A] 3,4,5
B]1,1, V3
(€11, V3,2
D] V3, V4,5

[E] 30, 40, 50

SOLUTION.

Just check each choice.

(A) 32 4 42'= 94 16 =25 =52 These are the sides of a right

triangle.

These are not the sides of a right
triangle.

B) 12+ 12=1+1=2%(3)?

€ 12+ (\/};)2 =1+3=4=2? These are the sides of a right

triangle.

(D) (\/-3—)2 + (\/2)2 =3+4=7%# (\/5)2 These are not the sides of a right

triangle.

(E) 302 + 40% = 900 + 1600 = 2500 = 502  These are the sides of a right
triangle.

The answer is B and D.

Below are the right triangles that appear most often on tbe GRE. You should
recognize them immediately whenever they come up in questions. Carefully study
each one, and memorize KEY FACTS J7-J11.

(A) (B) (C) (D) (E)

4x Sx 13
4 5 12 x > N
[ ] 30°
3 3x 5 xJ3
3’ 4 5 3x, 4x, Sx 5, 12’ 13 X5 X x\/z X, x\/g, 2x

On the GRE, the most common right triangles whose sides are integers are the
b

3-4-5 triangle (A) and its multiples (B).

361



362 New GRE

e

KEY FACT J7 applies
even if x is not an

integer. For example:

x=.5 1.5,2,25
x=xn  3m,4m, 51

KEY FACT J7

For any positive number x, there is a right triangle whose sides are 3x, 4x, 5x.

For example:

x=1 3,4,5 x=5 15, 20, 25
x=2 6,8,10 x=10 30, 40, 50
x=3 9,12,15 x=50 150, 200, 250
x=4 12,16, 20 x=100 300, 400, 500

.NOTEf The only other right triangle with integer sides that you should recognize
immediately is the one whose sides are 5, 12, 13 (©).

.Let x = length of each leg, and 4 = length of the hypotenuse, of an isosceles right
triangle (D). By the Pythagorean theorem (KEY FACT J5), x2 + x? = 4%

So, 2x2 = h2%, and b= \2x% = x\/z.

KEY FACT J8

In a 45-45-90 right triangle, the sides are x, x, and x+/2. So,

* by multiplying the length of a leg by V2 » you get the hypotenuse.
* by dividing the hypotenuse by V2, you get the length of each leg.

LT a5,
/45
x &2 A h s
2 T 7 T
457
i [

ml:-

KEY FACT J9

The diagonal of a square divides the square into two isosceles right triangles.

The last important right triangle is the one whose angles measure 30°, 60°, and

90°. (E)
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KEY FACT J10

An altitude divides an equilateral triangle into two 30-60-90 right triangles.

Let 2x be the length of each side of equilateral
AABC in which altitude AD is drawn. Then AABD is
a 30-60-90 right triangle, and its sides are x, 2x, and 4.

By the Pythagorean theorem,

x2 + h? = (207 = 4x2.

So /2 = 3x2, and b = v3x* =x\/5. B 60°X S c

KEY FACT J11

In a 30-60-90 right triangle the sides are 0

A

30°
2x 2x

2x
% xV3, and 2x. x

If you krow the length of the shorter leg (%),

o »multiply it by NERY get the longer leg, and
* multiply it by 2 to get the hypotenuse. 60°

1 30°
x/3

3“5
e

If you know the length of the longer leg (),

* divide it by J3 o get the shorter leg, and 0 _
* multiply the shorter leg by 2 to get the
hypotenuse. o
If you know the length of the hypotenuse (h),
e divide it by 2 to get the shorter leg, and s
* multiply the shorter leg by J3 1o get the
longer leg.

30°

ol

N
P

What is the area of a square whose diagonal is 10?7

]

SOLUTION.
Draw a diagonal in a square of side s, crea .

45-45-90 right triangle. By KEY FACT J8: s

ting a

10 10

2
100
§ = — dA= 2= =—___=50.
r—z an A (r—z] 9 -
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EXAMF
In the diagram at the right, if BC = \/6 D
what is the value of CD?

@ 242

® 42

© 243 A

® 26

® 4 B I c

SOLUTION.
Since AABC and ADAC are 30-60-90 and 45-45-90 right triangles, respectively,
use KEY FACTS J11 and J8.

6 7.

Jg_ —
* Multiply AB by 2 to get the hypotenuse: AC = 242
* Since AC'is also a leg of isosceles right ADAC, to get hypotenuse CD, multiply

ACby \2: CD =242 x V2 =2x2 - 4 (B).

Key Fact J12

Triangle Inequality

* Divide the longer leg, BC, by \/g to get the shorter leg, AB:

The sum of the lengths of any two sides of a triangle is greater than the length
of the third side.

The best way to remember this is to see that x + 3, the length of the path from 4
to C'through B, is greater than z, the length of the direct path from 4 to C.

xX+y>z

NOTE: If you subtract x from each side of x + ¥> z you see that z— x < ).

KEY FACT J13

The difference of the lengths of any two sides of a tr} ) fen
of the third side. gth y two sides of a triangle is less than the le gth

Mathematics Review

If the lengths of two of the sides of a triangle are 6 and 7, which of the
following could be the length of the third side?

Indicate all possible lengths.

[A] 1 [C] = [E] 12 G] 15
(B] 2 D] 7 [F] 13

SOLUTION.
Use KEY FACTS J12 and J13.

¢ The third side must be Zess than 6 + 7 = 13. (Eliminate F and G.)
o The third side must be greater than 7 — 6 = 1. (Eliminate A.)
* Any number between 1 and 13 could be the length of the third side.

The answer is B, C, D, E.

The following diagram illustrates several triangles, two of whose sides have

lengths of 6 and 7.

9 7

On the GRE, two other terms that appear regularly in triangle problems are

perimeter and area (see Section 11-K).

i

In the figure at the right, what is the perimeter of AABC?
® 20 + 1042

® 20 + 1043 s\
© 25
® 30
® 40

—
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SOLUTION.
First, use KEY FACTS ]3 and J1 to find the measures of the angles.

* Since AB = AC, m£B = mZC. Represent each of them by x.

* Then, x + x+ 60 = 180 = 2x = 120 = x = 60.

* Since the measure of each angle of AABCis 60, the triangle is equilateral,
* So BC =10, and the perimeter is 10 + 10 + 10 = 30 (D). | SOLUTION.

Draw an equilateral triangle and one of its altitudes.

KEY FACT J14 A

The area of a triangle is given by 4 = %b/) » where b is the base and 4 is the

What is the area of an equilateral triangle whose sides are 10?

®30 ®25V3 ©50 ®50V3 ® 100

height. ‘ 10 5/3
NOTE:
-
1. Anyside of the triangle can be taken as the base. g 5 D 5 ¢
2. The height or altitude is a line segment drawn to the base or, if necessary, to |
an extension of the base from the opposite vertex. | * By KEY FACT J10, AABD is a 30-60-90 right triangle.
3. In a right triangle, either leg can be the base and the other the height.
. ® = = 3 .
f 4. The height may be outside the triangle. [See the figure below.] | By(KEY FACT J11, BD =5 and AD V3
|
TiP A : *The area of AABC = l(10)(5‘/3) = 25‘/5 (B).
If one endpoint of ! 2
the base of a triangle h E Replacing 10 by s in Example 10 yields a very useful result.

is the vertex of an |
obtuse angle, then B C TIP

the height drawn to B b ; KEY FACT J15
that base will be i 52\/5 Learn this formula

outside the triangle. Note: AABC'is obtuse. | . . . ide s, then A4 = . for the area of an
5 | IfA represents the area of an equllateral trlangle with side s, 4 equilateral triangle.

In the ﬁgure below: ‘ It can save you time.

* If ACis the base, BD is the height.
* If ABis the base, CEis the height.
* If BCis the base, AFis the height.

o
]
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Practice 'E’)“V(We'iﬁ'cis)”es’—

Discrete Quantitative Questions

2x°

30° x°

1. In the triangle above, what is the value of x?

@ 20
30
: © 40
@ 50
® 60

2. If the difference between the measures of
the two smaller angles of a right triangle
is 8°, what is the measure, in degrees, of the
smallest angle?

® 37
® 41
© 42
o ® 49
® 53

3. What is the area of an equilateral triangle
whose altitude is 6?

® 18
1243

© 1843
® 36
® 2443

4. Two sides of a right triangle are 12 and 13.
Which of the following could be the length of
the third side?

Indicate 4/l possible lengths.

[A] 2
[B] 5

€ V31
D] 11

V313

20

Q 5 N 11 k

5. What is the value of PS in the triangle above?

® 52
® 10
© 11
® 13

® 1242

. If the measures of the angles of a triangle are

in the ratio of 1:2:3, and if the length of the
smallest side of the triangle is 10, what is the
length of the longest side?

® 1042

1043
© 15
® 20
® 30
50
50° ©

50

7. What is the value of xin the figure above?

T,

=

8. In the figure above, what is the value of w?

Questions 910 refer to the following figure.

A B
|4
AE ABCD is a rectangle.
5
D B C
9, What is the area of ABED?

® 12
24
© 36
® 48
® 60

10. What is the perimeter of ABED?

® 19 + 52
® 28

© 17 + /185

® 32
® 36

Questions 11-12 refer to the following fogure.

E

>

11. What is the area of ADFH?

@3
® 4.5
©6
®75
® 10

DEFG is a rectangle.

Mathematics Review 369

12. What is the perimeter of ADFH?

13.

®8+\/4—1

8+ /58
© 16
® 17
® 18
3."“ .K"\

Which of the following expresses a true rela-
tionship between x and y in the figure above?

® y=060-x
®y=x
©x+y=90
@y=180—3x
® x=90 -3y

Questions 14-15 refer to the following figure.

A

) \
30°

c
B g D

14. What is the perimeter of AABC?

15.

® 48
® 48 + 1242

©48+12\/§
® 60
® 60 + 643

What is the area of AABC?

® 108
54 + 722

© 54 + 72‘/3
® 198
® 216
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Quantitative Comparison Questions

@QuanutyAlsgrcatcr -

- ® Quantity B is greater.
© Quantities A and B are equal
® Itis impossible to detern

The lengths of two sides of a triangle

are 7 and 11.
Quantity A Quantity B
16. The length of 4
the third side
Quantity A Quantity B
17. The ratio of the \/5
length of a diagonal

to the length of a

side of a square

A
10 10
B C
Quantity A Quantity B
18. The perimeter 30
of AABC

Questions 19-20 refer to the following figure.

N

B
90 < x
Quantity A Quantity B
19.  The length of AB 7

Quantity A Quantity B
20. The perimeter 20
of AAOB
Quantity A Quantity B
21. The area of an The area of an

equilateral triangle
whose sides are 10

equilateral triangle
whose altitude is 10

Questions 22-23 refer to the following figure in

which the horizontal and vertical lines divide
square ABCD into 16 smaller squares.

A B,
4
D c
Quantity A Quantity B
22, The perimeter of The perimeter of
the shaded region the square
Quantity A Quantity B
23. The area of the The area of the
shaded region white region
14557 5o\ 125°
Quantity A Quantity B
24, a+ b c
‘_/
P
ol8° 457N\ g
Quantity A Quantity B
25. PR QR

ANSWER KEY
1.D 6.D
2.B 7.115
3.B 8.110
4.B,E 9.B
5.D 10. D

Answer Explanations
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16. A 21.B
17.C 22.A
18.D 23.A
19. A 24.C
20.B 25.B

1. (D) x+2x+ 30 =180 = 3x+ 30 = 180 = 3x= 150 = x = 50.

2. (B) Draw a diagram and label it.

X

]

Y

Then swtite the equations: x + y = 90 and x— y = 8.

Add the equations:

x+y=90

+x—y=_8
2x =98

So x=49 and y =90 —49 = 41.
3. (B) Draw altitude AD in equilateral AABC.

6
By KEY FACT J11, BD = 5

So, the area is 2\/5 X 6= 12\[5 .

4. (B)(E) If the triangle were not required
J11 and J12 any number greater than 1
of the third side, and the answer wou

B

A

[] C

20/3 D

= _6_,\[___ - 243, and BD is one half the base.

3

to be a right triangle, by KEY FACTS
and less than 25 could be the length
Id be A, B, C, D, E. But for a right

triangle, there are only fwo possibilities:
* If 13 is the hypotenuse,

didn’t recognize the 5-12-13 triangle,

122 + x2 = 132, and solve.)

* If 12 and 13 are the two legs, then use t
h}’potenuse: 122 + 132 = 2=

(E is true.)

then the legs are 12 and 5. (B is true.) (If you

use the Pythagorean theorem:

he Pythagorean theorem to find the

2 _ 144 + 169 = 313 = ¢= V313.
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5. (D) Use the Pythagorean theorem twice, unless you recognize the common
right triangles in this figure (which you should ). Since PR = 20 and QR = 16,
APQRis a 3x-4x-5x right triangle with x = 4. So PQ = 12, and APQSisa
right triangle whose legs are 5 and 12. The hypotenuse, PS, therefore, is 13,

6. (D) If the measures of the angles are in the ratio of 1:2:3,

x+2x+3x=180 = 6x=180 = x = 30.

S'o the triangle is a 30-60-90 right triangle, and the sides are 4, 24, and zz\/g .
Since 2 = 10, then 24, the length of the longest side, is 20.

7. 115 Label the other angles in the triangle.

10.

11.

aO

50

50° b°\ x°
50

50+ a+b6=180= a+ b= 130, and since the triangle is isosceles, 4 = b.
Therefore, 2 and & are each 65, and x = 180 — 65 = 115.

. 110 Here, 50 + 90 + 2= 180 = 4 = 40, and since vertical angles are equal,
6 =40. Then, 40 + 30 + w= 180 = w = 110.

(B) Y01‘1 COZ.tld cal?ulate the area of the rectangle and subtract the area of the
two whlte.nght triangles, but you shouldn’. It is easier to solve this problem
if you realize that the shaded area is a triangle whose base is 4 and

whose height is 12. The area is %(4)( 12) = 24.

(D) Since both BD and ED are the hypotenuses of right triangles, their Jengths
can be calculated by the Pythagorean theorem, but these are triangles you
should recognize: the sides of ADCE are 5-12-13, and those of ABAD are
9-12-15 (3x-4x-5x with x = 3). So the perimeter of ABED is 4 + 13 +15= 32.

(B) Since ADGH is a right triangle whose hypotenuse is 5 and one of whose
legs is 3, the other leg, GH, is 4. Since GF = DEis 7, HF is 3. Now, ADFH

has a base of 3 (HF) and a height of 3 (DG), and its area is -;—(3)(3) = 4.5.

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

Mathematics Review

(B) In ADFH, we already have that DH = 5 and HF = 3; we need only
find DF, which is the hypotenuse of ADEF. By the Pythagorean theorem,

(DF)? =32+72=9 449 = 58 = DF=58.
Sotheperimeteris3+5+\/_5_§ =8+ \/5_8
(A) x+2x+ 3y=180= 3x+ 3y=180. So x+y=060,and y = 60 — x.

(C) AABD is a right triangle whose hypotenuse is 15 and one of whose legs
is 9, so this is a 3x-4x-5x triangle with x = 3; so AD = 12. Now AADCis a
30-60-90 triangle, whose shorter leg is 12. Hypotenuse AC is 24, and leg

CDis 12\/5. So the perimeter is 24 + 15 + 9 + 12\/5 =48 + 12\/5.

(C) From the solution to 14, we have the base (9 + 12\/5 ) and the height

(12) of AABC. Then, the area is %(12)(9 + 12\/_3-) =54 + 72\/3.

(A) Any:side of a triangle must be greater than the difference of the other two
sides (KEY FACT J13), so the third side is greater than 11 =7 = 4.

a

(C) Draw a diagram. A diagonal of a square

is the hypotenuse of each of the two 45-45-90

right triangles formed. The ratio of the length L2 }
of the hypotenuse to the length of the leg in

such a triangle is J2 :1, so the quantities -

are equal.

(D) BC can be any positive number less than 20 (by KEY FACTS J12 and
J13, BC> 10 — 10 = 0 and BC< 10 + 10 = 20). So the perimeter can be
any number greater than 20 and less than 40.

(A) Since OA and OB are radii, they are each equal to 5. With. no rest'rictions
on x, AB could be any positive number less than 10, and the bigger x is, the

bigger AB is. If x were 90, AB would be 5\/5 , but we are told that x > 90,
so AB > 5\/5 >7.

(B) Since AB must be less than 10, the perimeter is ess
than 20.

(B) Don’t calculate either area.

The length of a side
of an equilateral triangle is greazer than the length

of an altitude. So Quantity B 1s Jarger since 1t 1s 5 >10
the area of a triangle whose sides are greater.
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In the figure at the right, what is the value of x?
@60 ®9W © 100 ® 120 ® 150

SOLUTION.

Since ADEF is equilateral, all of its angles measure 60°; also, since the two angles at
vertex D are vertical angles, their measures are equal. Therefore, the measure of ZD
in quadrilateral ABCD is 60°. Finally, since the sum of the measures of all four angles
of ABCD is 360°, 60 + 90 + 90 + x = 360 = 240 + x = 360 = x = 120 (D).

In the polygons in the figure that follows, one exterior angle has been drawn at
each vertex. Surprisingly, if you add the measures of all of the exterior angles in any
of the polygons, the sums are equal.

140°

120°
100 + 120 + 140 = 360

70° 50°\.130°
/110°

65+ 110 + 130 + 55 =360

60 + 60 + 60 + 60 + 60 + 60 = 360

KEY FACT K3

In any polygon, the sum of the exterior angles, taking one at each vertex, is 360°.

A regular polygon is a polygon in which all of the sides are the same length and

each angle has the same measure. KEY FACT K4 follows immediately from this
definition and from KEY FACTS K2 and K3.

KEY FACT K4

In any regular polygon the measure of each interior angle is (n—2)x180 180 and
n
" L B 2 NO I S L

Mathematics Review

What is the measure, in degrees, of each interior angle in a regular decagon?

degrees

SOLUTION 1.

The measure of each of the 10 interior angles is
(10-2)x180° _ 8x180° _ 1440° ..
10 10 10

SOLUTION 2.
The measure of each of the 10 exterior angles is 36° (360° = 10). Therefore, the

measure of each interior angle is 180° — 36° = 144°.

A parallelogram is a quadrilateral in which both pairs of opposite sides are parallel.

KEY FACT K5

Parallelograms have the following properties:

* Opposite sides are equal: AB = CD and AD = BC.
* Opposite angles are equal: 2 = cand & = d.
* Consecutive angles add up to 180°: 2 + b=180,5b+c=180, c+ d=180,

and 2 + d=180.

The two diagonals bisect each other: AE = EC and BE = ED.

A diagonal divides the parallelogram into two triangles that have the exact
same size and shape. (The triangles are congruent.)

A 8 B
6
D c
ABCD is a parallelogram.
Quantity A Quantity B
X y

377
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we

A rectangle is a
parallelogram.

TIP f

Asquareisa
rectangle and,
hence, a
parallelogram.

SOLUTION.
In AABD the larger angle is opposite the larger side (KEY FACT J2); 50 |
x > mZABD. However, since AB and CD are parallel sides curt by transversal BD, |
y = mZABD. Therefore, x > y. Quantity A is greater. |

A rectangle is a parallelogram in which all four angles are right angles. Two adja-
cent sides of a rectangle are usually called the length (€ ) and the width (w). Note
in the right-hand figure that the length is not necessarily greater than the width.

¢

] L]

]

W

KEY FACT K6

Since a rectangle is a parallelogram, all of the properties listed in KEY FACT
K5 hold for rectangles. In addition:

* The measure of each angle in a rectangle is 90°.
* The diagonals of a rectangle have the same length: AC = BD.

A B

D C

A square is a rectangle in which all four sides have theé'same length.

A B

H 45°

KEY FACT K7

Since a square is a rectangle, all of the properties listed in KEY FACTS K5 and
K6 hold for squares. In addition:

* All four sides have the same length.
* Each c.liagonal divides the square into two 45-45-90 right triangles.
* The diagonals are perpendicular to each other: AC_L BD.

Mathematics Review

What is the length of each side of a square if its diagonals are 107

®5 ®7 ©5V2 ®10J2 ® 1043

SOLUTION.

Draw a diagram.

D c

In square ABCD, diagonal AC's the hypotenuse of AABC'a 45-45-90 right tri-
angle, and side 4Bisya leg of that triangle. By KEY FACT J7,

21042 543 ().

AC 10 N2 102

MTRTRR T

A trapezoid is a quadrilateral in which one pair of sides is parallel and the other
pair of sides is not parallel. The parallel sides are called the bajves of the trapezoncii.
The two bases are never equal. In general, the two nonparallel sides are not equal; if

they are the trapezoid is called an isosceles trapezoid.

Trapezoid Isoceles trapezoid
rape

The perimeter (P) of any polygon is the sum of the lengths of all of its sides.

38

13

4
p=13+17+20+38=288

P=3+4+5=12

379
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KEY FACT K8

In a rectangle, P = 2(€ + w); in a square, P = 4s.

{

4 s

P=Cl+w+l+w=20{+w) P=s+s+s5+s=4s

The length of a rectangle is 7 more than its width. If the perimeter of the
rectangle is the same as the perimeter of a square of side 8.5, what is the
length of a diagonal of the rectangle?

SOLUTION.
Don't do anything until you have drawn a diagram.
C=w+T
w d w
8.5
P=34

Since the perimeter of the square = 4 x 8.5 = 34, the perimeter of the rectangle is
also34:2(€ + w) =34 =€+ w=17. Replacing € by w + 7, we get:

w+7+w=17=2w+7=17=2w=10= w=>5

Then € = 5 + 7 = 12. Finally, realize that the diagonal is the hypotenuse of 2
5-12-13 triangle, or use the Pythagorean theorem:

d2=524+122=25+ 144 =169 = 4 - 13.

In Section 11-] we reviewed the formula for the area of a triangle. The only othef

figures for which you need to know area formulas are the parallelogram, rectang
square, and trapezoid.
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KEY FACT K9

Here are the area formulas you need to know:

¢ For a parallelogram: A = bh. ‘
* For a rectangle: A = fw. /:h / W
1

1
. Forasquare:A=s20rA=5J2. b 7

1
* For a trapezoid: 4 = 5 (b, + by)h. 4/ |

area/of rectangle AFCE?

A F

D E c
— 1 —

®20 ®24 ©28 ©®32 ®36

SOLUTION.
Since the base, CD, is 10 and the area is 40, the height, AE, must be 4. Then AAED

must be a 3-4-5 right triangle with DE = 3, which implies that EC = 7. So the area
of the rectangle is 7 X 4 = 28 (C).

Two rectangles with the same perimeter can have different areas, and two rectan-
gles with the same area can have different perimeters. These facts are a common

source of questions on the GRE.

RECTANGLES WHOSE PERIMETERS ARE 100

49
| 1
49
40
A=49 10 A =400 10
40
25

35
A =625
25 25 A =525 15
15
35

25

TIP f

Be sure to learn the
alternative formula
for the area of a
square: A= 1/2d?,
where d is the length
of a diagonal.
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RECTANGLES WHOSE AREAS ARE 100

100
| — 11
< 100
P =202
10 20
10| P=40 (10 5 P=50 5
)
10 20
25
4 P =58 4
25

KEY FACT K10

For a given perimeter, the rectangle with the largest area is a square. For a given
area, the rectangle with the smallest perimeter is a square.

Quantity A Quantity B
The area of a The area of a
rectangle whose rectangle whose
perimeter is 12 perimeter is 14

SOLUTION.

Draw any rectangles whose perimeters are 12 and 14 and compute their areas. As
drawn below, Quantity A = 8 and Quantity B = 12.

This time Quantity B is greater. Is it always? Draw a different rectangle whose
perimeter is 14.

I Aié ]

6

The one drawn here has an area of 6. Now Quantity B isn’t greater. The answef
is D.
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Quantity A Quantity B
The area of a 10

rectangle whose
perimeter is 12

SOLUTION.

There are many rectangles of different areas whose perimeters are 12. But the largest
area is 9, when the rectangle is a 3 X 3 square. Quantity B is greater.
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Practice Exercises — Quadrilaterals

Discrete Quantitative Questions

1. If the length of a rectangle is 4 times its width,
and if its area is 144, what s its perimeter?

Questions 2-3 refer to the diagram below in which
the diagonals of square ABCD intersect at E.

A B
E 2
D C

2. What is the area of ADEC?
1
® 2

® 1

© 2

@ 2

® 22

3. What is the perimeter of ADEC?

®1+\2

2+\/§
© 4
® 2 +242
® 6

4. If the angles of a five-sided polygon are in the
ratio of 2:3:3:5:5, what is the measure of
the smallest angle?

® 20
® 40
© 60
® 80
® 90

5. If in the figures below, the area of rectangle
ABCD is 100, what is the area of rectangle
EFGH?

A x+4 B E x+3 F

x+1 x+2

D C H G

® 98
100
© 102
®© 104
® 106

Questions 67 refer to a rectangle in which the
length of each diagonal is 12, and one of the
angles formed by the diagonal and a side

measures 30°.

6. What is the area of the rectangle?

® 18
®72

© 183
® 3643
® 362

7. What is the perimeter of the rectangle?

® 18
® 24
© 12+ 1243

® 18 + 643
® 242

8. How many sides does a polygon have if the
measure of each interior angle is 8 times
the measure of each exterior angle?

® 8
®9
© 10
®© 12
® 18

9. The length of a rectangle is 5 more than the
side of a square, and the width of the rectan-
gle is 5 less than the side of the square. If the
area of the square is 45, what is the area of
the rectangle?

® 20
® 25
© 45
® 50
® 70

Questions 1011 refer to the following figure, in
which M, N, O, and P are the midpoints of the

sides of rectangle ABCD.
A M 8
6
p N
D 5 c

10. What is the perimeter of quadrilateral MNOP?

® 24
® 32
© 40
®© 48
® 60

11. What is the area of quadrilateral MNOP?

]
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12. In the figure above, what is the sum of the
measures of all of the marked angles?

® 360
540
© 720
® 900
® 1080

13. In quadrilateral WXYZ, the measure of angle
Zis 10 more than twice the average of the
measures of the other three angles. What is
the measure of angle £?

@ 100
105
© 120
® 135
® 150

Questions 14-15 refer to the following figure, in
which M and N are the midpoints of two of the
sides of square ABCD.

A M B
2
D C

14. What is the perimeter of the shaded region?

® 3
®2+32
©3+2\5

®5
® 8
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15. What is the area of the shaded region? Quantity A uantity B ANSWER KEY
® 1.5 : : 1. 60 5.C 9.A 13. 150 17.B
1.75 18. The perimeter of The perimeter of > B 6.D 10.C 14. B 18. A
© 3 a 30-60-90 right an octagon, each 3D 7 C 11. 96 15. A 19. A
triangle whose of whose sides is x ' 3 E 12' C 1 6. C 20. C
® 2V2 shorter leg is 2x 4.C ' ' .
® 32 . '
Quantity A Quantity B Answer Explanations
Quantitative Comparison Questions . :
19. The perimeter of 28 1. 60 Draw a diagram and label it.
il ; a rectangle whose
| ® Quantity A is greater. area is 50 4x
.  ® Quantity B is greater. x x
? . © QuantitiesAand Bareequal. =~ p T 0 ! .
‘{ ® It is impossible to determine which ° b°
quantity is greater. . Since the arediis 144, then 144 = (4)(x) = 422 = > = 36 = x = 6.
S So the width is' 6, the length is 24, and the perimeter is 60.
R .
A B 2. (B)The area of the square is 27 = 4, and each triangle is one-fourth of the
E In parallelogram PQRS, TR bisects ZQRS. square. So the area of ADEC'is 1.
) ) i -45-90 i i hose hypotenuse, DC, is 2.
i A B 3. (D) ADECis a 45-45-90 right triangle w yp ;
jé b . Quantity Quantity ) | |
‘ ABCD is a rectangle. 20. a 2b 1 Therefore, each of the legs is -\/—5 = \/5 So the perimeter is 2 + 2\/5'
- Quantity A Quantity B 4. (C) The sum of the angles of a five-sided polygon is (5 —2) x 180 =
16 Th - 3 x 180 = 540. Therefore, 540 = 2x + 3x + 3x+ 5x+ 5x = 18x.
. e area € area
So, x = 540 + 18 = 30.
of AAED of AEDC The measure of the smallest angle is 2x = 2 X 30 = 60.
5. (C) The area of rectangle ABCD is (x+ 1)(x+4) = K+ 5x+ 4.
The area of rectangle EFGHis (x+ 2)(x+3) = « + 5x + 6, which is exactly
2 more than the area of rectangle ABCD: 100 + 2 = 102.
6. (D) Draw a picture and label it.
WXYZ is a parallelogram. 4 i
6
Quantity A Quantity B
C
17.  Diagonal WY Diagonal X7 p 6J3
Since ABCD is a 30-60-90 right wiangle, BCis 6 (half the hypotenuse) and
CDis 633 .
So the area is €w = 6(6\/—3-) = 36\/5'
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10.

11.

12.

13.

14.

15.

. (C) The perimeter of the rectangle is 2(€ + w) = 2(6 + 6\/5) =12+ 12\/5.

. (E) The sum of the degree measures of an interior and exterior angle is 180,

0 180 = 8x + x= 9x = x = 20. |

Since the sum of the measures of all the exterior angles is 360, there are
360 + 20 = 18 angles and 18 sides.

(A) Let x represent the side of the square. Then the dimensions of the

rectangle are (x + 5) and (x — 5), and its area is (x + 5)(x = 5) = »2 — 25.
Since the area of the square is 45, ¥ = 45 = x% — 25 = 45 — 25 = 20.

(C) Each triangle surrounding quadrilateral MNOP is a 6-8-10 right triangle.
So each side of MINOP is 10, and its perimeter is 40.

96 The area of each of the triangles is %(6)(8) = 24, so together the four

triangles have an area of 96. The area of the rectangle is 16 x 12 = 192.
Therefore, the area of quadrilateral MNOPis 192 — 96 = 96.

Note: Joining the midpoints of the four sides of any quadrilateral creates a
parallelogram whose area is one-half the area of the original quadrilateral.

(C) Each of the 10 marked angles is an exterior angle of the pentagon. If we
take one angle at each vertex, the sum of those five angles is 360; the sum of
the other five is also 360: 360 + 360 = 720.

150 Let W, X, ¥, and Z represent the measures of the four angles. Since
W+ X+ Y+ Z=360, W+ X+ Y=360 -~ Z Also,

Z-10+ 2[L+§—+£) =10 +2(3603"Z).

So Z=10 + %(360) _ %z= 10 + 240 — —g—z: §Z= 250 = 7 = 150.

(B) Since M and N are midpoints of sides of length 2, AM, MB, AN, and

NDare all 1. MN = \/E » since it’s the hypotenuse of an isosceles right triangle

whose legs are 1; and BD = 24/2 , since it’s the hypotenuse of an isosceles

right triangle whose legs are 2. So the perimeter of the shaded region is

1+\/§+1+2\/_=2+3\/5.

(A) The area of A4BD = %(2)(2) = 2, and the area of AAMN is %(1)(1) =05

So the area of the shaded region is 2 — 0.5 = 1.5.

e e o S
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16 (C) The area of AAED is %u@}—

/
The area of AEDCis %f(%)= Tw

Note: Each of the four small triangles has the same area.

A ? B
£
w__2_.___E w
Lw
12 c
b Y

17. (B) By KEY FACT ]5, since £Z is acute and ZYis obtuse, (WY)2 < 42 + b2,
whereas (X2)? > a* + b2,

18. (A) Since ani octagon has eight sides, Quantity B is 8x. ‘
Quantity A; By KEY FACT J10, the hypotenuse of the triangle is 4x, and the

longerleg is 2x\/§ . So the perimeter is 2x + 4x + 2543 . Since J3 > 1, then

2x + 4x + 2x\/5 >2x+ 4x + 2x = 8x.
19. (A) The perimeter of a rectangle of area 50 can be as large as we like, but the

least it can be is when the rectangle is a square. In that case, each side is \/5_0 ,
which is greater than 7, and so the perimeter is greater than 28.
20. (C) TRis a transversal cutting the parallel sides PQ and RS. So & = xand
26 = 2x. But since the opposite angles of a parallelogram are equal, 4 = 2x.
So a=2b

389
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11-L. CIRCLES

A circle consists of all the points that are the same distance from one fixed point
called the center. That distance is called the radius of the circle. The figure below is
a circle of radius 1 unit whose center is at the point O. 4, B, C, D, and E, which are
each 1 unit from O, are all points on circle O. The word radius is also used to
represent any of the line segments joining the center and a point on the circle. The
plural of radius is radii. In circle O, below, OA, OB, OC, OD, and OE are all radii.

If a circle has radius 7, each of the radii is 7 units long.

A

KEY FACT L1

Any triangle, such as ACOD in the figure above, formed by connecting the
endpoints of two radii, is isosceles.

If Pand Q are points on circle O, what is the value of x?

D,

SOLUTION.

Since APOQ is isosceles, angles P and Q have the same measure. Them
70 + x+ x=180 = 2x =110 = x = 55.

A line segment, such as CD in circle O at the beginning of this section, both of
whose endpoints are on a circle is called a ehord. A chord such as BE, which passes

through the center of the circle, is called a digameter. Since BE is the sum of tw0
radii, OB and OE, it is twice as long as a radius.

KEY FACT L2

If d is the diameter and 7 the radius of a circle, d = 2r.
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KEY FACT L3

A diameter is the longest chord that can be drawn in a circle.

A B
C
E
D .
The radius of the circle is 0.1.
Quantity A Quantity B
AB+ BC+ CD+ DE + EA 1

SOLUTION.
Sirice the radius of the circle is 0.1, the diameter is 0.2. Therefore, the length of each

of the five sides of pentagon ABCDE is less than 0.2, and the sum of their lengths is

less than 5 % 0.2 = 1. The answer is B. .
The total length around a circle, from Ato Bto Cto Dto Eand back to 4, is called

the circumference of the circle. In every circle the ratio of the circumference to the
diameter is exactly the same and is denoted by the symbol 7 (the Greek letter “pi”).

KEY FACT L4

circumference C

= diameter = d
*C=nd
*C=2nr

KEY FACT L5

The value of T is approximately 3.14.

On GRE questions that involve circles, you are almost. always e>1<pected [(()1 le;we
your answer in terms of T. So don't muldiply by 3.14 until the fina step, 1am nt uesx;
only if you have to. If you are ever stuck on a problem whose answers mvcl) v; S,u use
your calculator to evaluate the answer or to test the answers. Eor exarzp e,6n ums
that you think that an answer is about 50, and the answer chonceslf:lrei T, ate;' than,
167, and 24, Since T is slightly greater than 3, these choices are ah itt ; g(r;h Fthan
12, 18, 36, 48, and 72. The answer must be 167. (To the nearest hundredtn,

actually 50.27, but approximating it by 48 was close enough.)
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KEY FACT L7

Quantity A Quantity B
The degree measure of an arc equals the degree measure of the central angle
The circumference The perimeter of that intercepts it.
of a circle whose a square whose C
diameter is 12 side is 12
‘ 72
SOLUTION. | 2 P
Quantity A: C= 1td = ©(12). Quantity B: P= 45 = 4(12). g
Since 4 > 7, Quantity B is greater. (Note: 127t = 12(3.14) = 37.68, but you should

not have wasted any time calculating this.)

An are consists of two points on a circle and all the points between them. On the CAUTION

GRE, arc AB always refers to the smaller arc joining A and B. _
Degree measure is not a measure of length. In the circles above, arc

P A AB and afc 'CD each measure 72°, even though arc CD is much longer.

Howdong isarc CD? Since the radius of Circle Pis 10, its diameter is 20, and its

. ) ) 1
Citctimference is 20T. Since there are 360° in a circle, arc CDis —, or —5-, of the

| 360
Q circumference: 5 (20T) = 4.

If we wanted to refer to the large arc going from Ato B through Pand Q, we would
refer t9 it as arc APB or arc AQB. If two points, such as Pand Q in circle Oy are the
endpoints of a diameter, they divide the circle into two arcs called semicireles.

An angle whose vertex is at the center of a circle is called a central angle. The formula for the area of a circle of radius 7 is A = nrl.

KEY FACT L8

The area of Circle P, below KEY FACT L7, is n(10)2 = 1007 square units. The
) 1
area of sector CPD is % of the area of the circle: 5 (100m) = 20m.

3 KEY FACT L9
; . X
KEY FACT L6 ‘ If an arc measures &°, the length of the arc 1s 360 (2n7), and the area of the

. : The degree measure of a complete circle is 360°.

e s X 2
sector formed by the arc and 2 radii is ——3 0 (mre).
180° 360°

0
> S,

C
180° \
‘ D

Examples 4 and 5 refer to the circle below.
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What is the area of the shaded region?
@ 144n — 14443

1447 - 3643

© 144 - 7243

® 247 - 3643

® 241 - 7243
SOLUTION.

The area of the shaded region is equal to the area of sector COD minus the area of
A COD. The area of the circle is ©(12)? = 144m.

* Since 60 =
360
* Since m£0 = 60°, mZC + £D = 120° and since ACOD is isosceles, m£C=
mZD. So, they each measure 60°, and the triangle is equilateral.

é, the area of sector COD is é(1441t) = 24T.

2
* By KEY FACT ]J15, area of ACOD = 124‘/5 = 1444‘/5 = 36\/5.50 the area

of the shaded region is 24m — 36\/:’; (D).

What is the perimeter of the shaded region?
@ 12 + 41

12 +12n

© 12 + 24n

® 122 +4x
® 1242 +24n

SOLUTION.
Since ACOD is equilateral, CD = 12. Since the circumference of the circle I

1
21(12) = 247, arc CD = g(241t) = 47. So the perimeter is 12 + 47 (A).

Suppose that in Example 5 you see that CD = 12, but you don’t remember how ©
find the length of arc CD. From the diagram, it is clear that it is slightly longer than
CD, say 13. So you know that the perimeter is abour 25. Now, mentally, using 3 for
T, or with your calculator, using 3.14 for T, approximate the value of each of the
choices and see which one is closest to 25. Only Choice A is even close.

Mathematics Review 395

A line and a circle or two circles are tangent if they have only one point of inter-
section. A circle is #nscribed in a triangle or square if it is tangent to each side. A
polygon is énscribed in a circle if each vertex is on the circle.

()2,

Line < is tangent to circle O.
Circles O and Q are tangent.

N\

The circle is inscribed
in the square.

KEY FACT L10

If a lineis tangent to a circle, a radius (or diameter) drawn to the point where
the tangent touches the circle is perpendicular to the tangent line.

The pentagon is inscribed
in the circle.

Lines € and m are tangent to circle O.

e radius is 8, and B is the center of a circle whose

i ircle whos
Ais the centerofa c ea of

diameter is 8. If these two circles are tangent to one another, what is the ar
the circle whose diameter is AB?

®12n ®36n © 641 © 144n ® 2561

SOLUTION.

Draw a diagram.

Since the diameter, AB, of the dotted circle is 12, 1ts radius is 6, and its area is
3 b

T(6)? = 36 (B).



396 New GRE

Practice Exercises — Circles

Discrete Quantitative Questions

1. What is the circumference of a circle whose
area is 100m?

@ 10
® 20
© 10m
® 201
® 257

2. What is the area of a circle whose
circumference is 7t?

T
® 5

T
_
.2

©n
® 21
® 47

3. What is the area of a circle that is inscribed
in a square of area 2?
T

®

o fa

©T7

® 12

® 2n

4. A square of area 2 is inscribed in a circle.

What is the area of the circle?
T

® 5

(O]

on

® 12

® 21

. A5 X 12 rectangle is inscribed in a circle.

What is the radius of the circle?

. If, in the figure below, the area of the shaded

sector is 85% of the area of the entire cirele,
what is the value of w?

® 15
® 30
© 45
®© 54
® 60

. The circumference of a circle is 27 units,

and the area of the circle is 4T square units.
If 2 = b, what is the radius of the circle?
®1

2

©3

©Tn

® 21

Questions 89 refer to the following figure.

8. What is the length of arc RS?
® 8
20
© 8n
® 20r
® 401

9. What is the area of the shaded sector?

® 8
20
© 8n
®© 2071
® 40w

>

10. In the figure above, what is the value of x?

|

11. If A is the area and C the circumference of a
circle, which of the following is an expression

for A in terms of C?
2

a &
4T

2

<
41?

©2C

®2C:\n

X
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12. What is the arca of a circle whose radius is the
diagonal of a square whose arca is 47

@ 2n

2
© 4n
® 8n
® 161

Quantitative Comparison Questions

@ Quantity A is greater.
'@ Quantity B is greater.
-~ @ Quantities A and B are equal.
® It is impossible to determine which

quantityis}gxeaw‘ ter.
Quantity A Quantity B

The circumference

13. The perimeter of
of the circle

the pentagon

The circumference of a circle is C inches.
The area of the same circle is A square inches.

Quantity A Quantty B
14 ¢ A
' A C
Quantity A Quantity B
15. The area of acircle ~ The area of a semicircle
of radius 2 of radius 3

C is the circumference of a circle of radius r

Quantity A Quantity B
16. ¢ 6
r





